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Abstract 

In this paper, we investigate the uniform regularity for the isentropic compressible Navier-Stokes 
system with general Navier-slip boundary conditions €□3 and the inviscid limit to the compressible 
Euler system. It is shown that there exists a unique strong solution of the compressible Navier-Stokes 
equations with general Navier-slip boundary conditions in an interval of time which is uniform in the 
vanishing viscosity limit. The solution is uniformly bounded in a conormal Sobolev space and is 
uniform bounded in W 1 ' 00 . It is also shown that the boundary layer for the density is weaker than 
the one for the velocity field. In particular, it is proved that the velocity will be uniform bounded 
in L°° (0, T; H 2 ) when the boundary is flat and the Navier-Stokes system is supplemented with the 
special boundary condition (fOTll . Based on such uniform estimates, we prove the convergence of the 
viscous solutions to the inviscid ones in L°°(0, T;L 2 ), L°° (0, T; H 1 ) and L°°([0, T] x S7) with a rate 
of convergence. 
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1 Introduction 


In this paper, we consider the isentropic compressible Navier-Stokes equations 

\p e t+ di v(p e u e ) = 0, x g n 

| jfu\ + p E u E ■ S7u e + Vp E = peAu e + (p + A )e'S7divu E : 

where 12 is a bounded smooth domain of 1 R 3 , p E ,u E represent the density and 
p E = p(p E ) is the pressure function given by 7 -law 

p(p) = p 7 , with 7 > 1 . 

The viscous coefficients pe and Ae satisfy the physical restrictions 

/1 )> 0, 2p 3A i> 0, 


t > 0 ( 1 . 1 ) 

velocity, respectively, 


( 1 . 2 ) 


where the parameter e > 0 is the inverse of the Reynolds number. 

Here, we are interested in the existence of strong solution of m with uniform bounds on an interval 
of time independent of viscosity £ € (0,1] and the vanishing viscosity limit to the corresponding Euler 
equations as e vanishes, i.e, 


p t + div(pu) = 0 , 

{pu)t + div(pu <g) u) + Vp = 0. 


(1.3) 


There has lots of literature on the uniform bounds and the vanishing viscosity limit when the domain 
has no boundaries, see for instances El El QU HS|. However, in the presence of physical boundaries, the 
problems become much more complicated and challenging due to the possible appearance of boundary 
layers. Indeed, in presence of a boundary, one of the most important physical boundary conditions for 
the Euler equations is the slip boundary condition, i.e, 

u ■ n = 0, <912, (1.4) 

and there exists a unique smooth solution for the initial boundary value problem m and COD at least 
locally in time. This boundary condition is characteristic for the Euler equations OD. Corresponding to 
HOD, there are different choices of boundary conditions for the Navier-Stokes equations, and the no-slip 
boundary condition 

u E = 0, on <912, 

is one of the frequently used one. Another one is the well-known Navier-slip boundary condition, i.e, 

u E ■ n = 0, ( Su e ■ n) T = — era®, x £ <912, (1.5) 

where n is the outward unit normal to <912, u T represents the tangential part of u. S is the strain tensor 

Su = —(Vu + Vit 4 ). 

The boundary condition (11.51) . which was introduced by Navier [lB], expresses that the velocity on the 
boundary is propositional to the tangential component of the stress. This kind of boundary condition 
allows the fluid to slip at the boundary, and has important applications for problems with rough bound¬ 
aries. 

The Navier-slip boundary condition (11.51) can be written to the following generalized one 

u e ■ n = 0, (Su e ■ n) T = — (Au E ) T , x £ 912, (1.6) 

with A a smooth symmetric matrix ,see [7]. For smooth solutions, it is noticed that 


(2 S(v)n — (V x v) x n) T = —(2 S(n)v) T , 
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see [27! for details. Therefore, as in [23 SS, the boundary condition m can be rewritten in the form 
of the vorticity as 

u e ■ n = 0, n x w £ = [Bu E ] T , x £ 2, (1.7) 

where ui e = V x u e is the vorticity and B = 2 (A — S'(n)) is a symmetric matrix. Actually, it turns out 
that the form EH will be more convenient than CSD in the energy estimates, see m- 

For the incompressible fluid, the vanishing viscosity limit of the incompressible Navier-Stokes with 
no-slip boundary condition to the incompressible Euler flows with boundary condition EH is one of 
the major open problems due to the possible appearance of boundary layers, as illustrated by Prandtl’s 
theory. In (2DJIH], the authors proved the(local in time) convergence of the incompressible Navier-Stokes 
flows to the Euler flows outside the boundary layer and to the prandtl flows in the boundary layer at the 
inviscid limit for the analytic initial data. Recently, Y. Maekawa m proved this limit when the initial 
vorticity is located away from the boundary in 2-D half plane. 

On the other hand, for the incompressible Navier-Stokes system with Navier-slip boundary condition 
El, considerable progress has been made on this problem. Indeed, the uniform H 3 bound and a uniform 
existence time interval as e tends to zero are obtained by Xiao-Xin in |25] for flat boundaries, which are 
generalized to W k,p in EE]- However, such results can not be expected for general curved boundaries 
since boundary layer may appear due to non-trivial curvature as pointed out in [TO . In such a case, 
Iftimie and Sueur have proved the convergence of the viscous solutions to the inviscid Euler solutions 
in I/°°(0, T,; L 2 )-space by a careful construction of boundary layer expansions and energy estimates. 
However, to identify precisely the asymptotic structure and get the convergence in stronger norms such 
as I/°°(0, T; H s )(s > 0), further a priori estimates and analysis are needed. Recently, Masmoudi-Rousset 
1 16) established conormal uniform estimates for 3-dimensional general smooth domains with the Naiver- 
slip boundary condition m, which, in particular, implies the uniform boundedness of the normal first 
order derivatives of the velocity field. This allows the authors ([Hj]) to obtain the convergence of the 
viscous solutions to the inviscid ones by a compact argument. Based on the uniform estimates in US- 
better convergence with rates have been studied in [7] and m- In particular, Xiao-Xin m has proved 
the convergence in L°°(0, T; H 1 ) with a rate of convergence. 

For the compressible Navier-Stokes equations, however, the study is quite limited. Xin and Yanagisawa 
|28| studied the vanishing viscosity limit of the linearized compressible Navier-Stokes system with the no¬ 
slip boundary condition in the 2-D half plane. Recently, Wang and Williams [M] constructed a boundary 
layer solution of the compressible Navier-Stokes equations with Navier-slip boundary conditions in 2-D 
half plane. The layers constructed in m are of width 0{yfe) as the Prandtl boundary layer, but are 
of amplitude 0(\fe) which is similar to the one [10] for the incompressible case. So, in general, it is 
impossible to obtain the H 3 or W 2 ' p (p > 3) estimates for the compressible Navier-Stokes system (11.11) 
with the generalized Navier-slip boundary condition (11.61) or EH). Recently, Paddick pjj] obtained an 
uniform estimates for the solutions of the compressible isentropic Navier-Stokes system in the 3-D half¬ 
space with a Navier boundary condition. As expected, the boundary layers for the density must be weaker 
than the one for the velocity, however, this has not been proved in |19| . 

In the present paper, we aim to obtain the uniform estimates in some anisotropic conormal Sobolev 
spaces and a control of the Lipschitz norm for solutions of the compressible Navier-Stokes equations EH) 
with the Navier-slip boundary condition (11.61) in general 3-dimensional domains. As a consequence, our 
uniform estimates will yield that the boundary layers for the density are weaker than the one for the 
velocity. Furthermore, we obtain an uniform estimate in L°°(0, T ; H 2 ) when the boundary is flat. Finally, 
we study the vanishing viscosity limit of viscous solutions to the inviscid ones with a rate of convergence. 
Since the divergence free condition plays a key role in the analysis of m, delicate estimates for diva are 
needed to complete the analysis for the compressible Navier-Stokes system. Moreover, the compressible 
Navier-Stokes system is much more complicated to handle than the incompressible one. 

The bounded domain fl C K 3 is assumed to have a covering such that 

HCH 0 U fc =1 H fc , (1.8) 

where Ho C fl and in each there exists a function ifjk such that 

n n = {x = (xi,x 2 ,xz) I x 3 > i>k{xi,x 2 )} n n k and dtt D = {*3 = %l> k (xi,x 2 )} D H fc . 

S2 is said to be C m if the functions ?/A are C m -function. 
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To define the Sobolev conormal spaces, we consider ( Zk)\<k<N a finite set of generators of vector 
fields that are tangent to and set 

HZ = {/ e L 2 (n) | z r f e l 2 (D), for |/| < m), 

where I = (fci, ■ ■ • , k m ). We will use the following notations 

NI™ = IHIIg = E E II^Ell 

J=1 \I\<m 


IHI™,oc= E ll^lli- 

|/| <m 

and 

II VZ m ull 2 = J2 W^Z'uWlz. 

\I\=m 

Noting that by using the covering of fl, one can always assume that each vector field is supported in 
one of the fmoreover, in S2o the norm || • \\ m yields a control of the standard H m norm, whereas if 
Qi fl dtt ^ 0 , there is no control of the normal derivatives. 

Denote by Ck a positive constant independence of e € (0,1] which depends only on the C fc -norm of 
the functions i pj. Since dfl is given locally by 23 = i/j(x i, 22 )(we omit the subscript j for notational 
convenience), it is convenient to use the coordinates: 


^ : (y,z) 1 — > iy,tp(y) + z) = x. 


A local basis is thus given by the vector fields (d y i,d y 2 1 d z ). On the boundary d y \ and d y 2 are tangent 
to dfl, and in general, d z is not a normal vector field. By using this parametrization, one can take as 
suitable vector fields compactly supported in flj in the definition of the || • \\ m norms: 

Zi = d y i = di + ditpd z , i = 1,2, Z 3 = <p{z)d z , 

where ip{z) = is smooth, supported in M + with the property </ 3 ( 0 ) = 0 , ^'( 0 ) > 0 , (p(z) > 0 for z > 0 . 
It is easy to check that 

ZkZj = ZjZk , j, k = 1,2,3, 

and 

d z Zi = Zid z ,i = 1 , 2 , and d z Z 3 ^Z 3 d z . 

In this paper, we shall still denote by dj, j = 1, 2, 3 or V the derivatives in the physical space. The 
coordinates of a vector field u in the basis ( d y i,d y 2 ,d ,) will be denoted by u l , thus 


u = u^dyi + u 2 d v 2 + u 3 d z . 


(1.9) 


We shall denote by Uj the coordinates in the standard basis of R 3 , i.e, u = u\d\ + \i 2 d 2 + u 3 d 3 . Denote 
by n the unit outward normal in the physical space which is given locally by 


n(x) = n(^(y,z)) = 


diip{y) \ 


/ \ 

— = d2i>(y) = — -j= 

i/l + \S7ijj(y)\ 2 [ x/1 


-N(y) 


+ |V^(y )| 2 


and by II the orthogonal projection 

11 ( 2 ) = II(4'(y, z))u = u- [u ■ n('S'(y,z))\n('S'(y,z)). 

which gives the orthogonal projection onto the tangent space of the boundary. Note that n and II are 
defined in the whole and do not depend on z. 

For later use and notational convenience, we set 


_ Q a ° z ai = d a ° Z ai1 Z° 12 Z ai3 


( 1 . 10 ) 
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and use the following notations 

\\fm 2 n-= E ll^/Wllii. Il/(f)lk*~ = E (i- 11 ) 

|cn| <m |cn| </c 

for smooth space-time function f(x,t). Throughout this paper, the positive generic constants that are 
independent of e are denoted by c, C. || • || denotes the standard L 2 (Q;dx) norm, and || • || h™ (m = 
1,2,3,-••) denotes the Sobolev H m (Q;dx) norm. The notation l-k» will be used for the standard 
Sobolev norm of functions defined on dCl. Note that this norm involves only tangential derivatives. P(-) 
denotes a polynomial function. 


Since the boundary layer may appear in the presence of physical boundaries, in order to obtain the 
uniform estimation for solutions of the compressible Navier-Stokes system with Navier-slip boundary 
condition, one needs to find a suitable functional space. Here, we define the functional space X!^(T) for 
a pair of function (p,u) = (p,u)(x,t) as follows: 

X E m {T) = {(P,u) e L°°([ 0,T],L 2 ); esssup 0 < t < T ||(p, u)(t)\\x^ < +ooj, (1.12) 

where the norm ||(-, -)||x^ is given by 


771 —2 


\\(p,u)(t)\\x^ = \\{p,u){t)\\ 2 U m + ||Vu(t)||^ m -i + E WdtVpml-i-k + IIMOlIwi 


k—0 


+ UVull^ +f||V9r _1 pWH 2 +e||Ap(t)||^. (1.13) 

In the present paper, we supplement the compressible Navier-Stokes equations ED with the initial data 


such that 


and 


(p E ,u E ){x,0) = (p E 0 ,u E 0 )(x), 


0 < — < p E 0 < C 0 < oo, 
^0 


sup \M,u E 0 )\\ X ' m = sup \\(p e o,u E 0 )\\ n m + ||Vug||^„ 

0<E<1 0<£<1 


(1.14) 

(1.15) 


771-2 


E ii d t^P\ 


'ollm-l-fc 


k—0 

ii 2 


+ HApoll^i + ||V«§||^,. + e\\VdT~ L pir + 4 x Po\\h* < Co 


(1.16) 


where Pq = p(po), Co > 0, Cq > 0 are positive constants independent of e € (0,1], and the time derivatives 
of initial data in (11.161) are defined through the compressible Navier-Stokes system (11.11) . Thus, the 
initial data (pq 7 Uq) is assumed to have a higher space regularity and compatibilities. Notice that the a 
priori estimates in Theorem 13.11 below is obtained in the case that the approximate solution is sufficient 
smooth up to the boundary, therefore, in order to obtain a selfcontained result, one needs to assume 
that the approximate initial data satisfies the boundary compatibility conditions, i.e. (11.61) for equivalent 
to (I1.7D 1. For the initial data (pg,ug) satisfying (11.1611 . it is not clear if there exists an approximate 
sequence (p £ 0 ' S 7 Uq <5 )(^ being a regularization parameter), which satisfy the boundary compatibilities and 
\\{pf — Po,Uq S — ug)||x^ —> 0 as S —> 0. Therefore, we set 


y£,m 
^NS,ap 


{(p, u) e C 2m (Ci) 


d^p, dfU, k = 1, • • • , m are defined through the Navier-Stokes 
equations ED and d^u, k = 0, • • • , m — 1 satisfy 


the boundary compatibility conditionj, 


(1.17) 


and 


X E ^™ = The closure of X^™ ap in the norm ||(-, -)||x^- 


(1.18) 


Then our main result in this paper is follows: 
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Theorem 1.1 (Uniform Regularity) Let m be an integer satisfying m > 6 , D. be a C m+2 domain and 
A £ C m+1 (dtt). Consider the initial data (pq,Uq) £ Xff™ given in (11.1411 and satisfying (11.151) - (11.1611 . 
Then there exists a time Tq > 0 and C\ > 0 independent of e £ (0,1], such that there exists a unique 
solution ( p E ,u E ) of (II. 111 . (11.611 . (11.1411 which is defined on [0,Tq] and satisfies the estimates: 


sup 
o <t<T 0 


y, P e m\\ 2 nm + iiv« s (t)i& ra - 1 + y \\^p e m 2 m-i-k + wmy 

k—0 

+ ||v u £ (t)||^,„ + £ ||var-V(t )|| 2 +e\\Af(t)fy} + [° llvarVwil 2 dt 

Tq Tq trt —2 T 0 

+ [ \\ A P e (t)\\n^dt + e [ \\\7 u E (t^mdt + e Y [ 

J 0 J 0 /„ n J 0 


k—0 


+ e 2 [ T ° ||V 2 d t m_ V(t)|| 2 dt < Cl < oo, 
Jo 


(1.19) 


and 

-^-<pC(t)<2C 0 Vt£[0,T o ], 
where C\ depends only on Co, Co and C m + 2 - 


( 1 . 20 ) 


Remark 1.2 Recently, we notice that Paddick m obtained a similar uniform estimates for the solu¬ 
tions of the compressible isentropic Navier-Stokes system in the 3-D half-space with a Navier boundary 
condition. However, the details of proof are different, and our regularity is better than the one in m 
especially, we show that || Ap £ (t)||:Li is uniform bounded which yields immediately that the boundary layer 
for the density p e is weaker than the one for velocity u e as expected. 

Remark 1.3 It is obvious that C {(p, u) £ L 2 (fi) \djf(p,u) defined through (II.ID . ||(p,u)||x e < 

+oo,0 < k < m}, yet it is not clear whether ” C ” can be changed to ” = ”. And we will not address 
this problem since our main concern is the uniform regularity of the solution of Navier-Stokes equations. 
Here, it should be pointed out that there are lots of data contained in Xyj, for example, let (pq,Uq) be 
sufficiently smooth functions, and in a vicinity of the boundary, is positive constant and Uq vanishes, 
then it is obvious that ( p(pq),Uq ) £ X^g- 

Remark 1.4 For ( Pq,Uq ) £ Xff^, it must hold that Uq ■ n |on = 0 and ( Suq ■ n) T \gn = — (Auo) T \dn in 
the trace sense for every fixed £ £ (0,1]. For the solution ( p E ,u e )(t ) of (11.11) . (11.61) . (11.141) . the boundary 
conditions (ED are satisfied in the trace sense for every fixed £ £ (0, 1] and t £ (0, Tq] . 


Remark 1.5 When time derivative is applied to the boundary layer, it has the same properties as the 
tangential derivatives. So, the time derivative is regarded as a tangential derivative in this sense. 

We now outline the proof of Theorem ll.il First, we obtain a conormal energy estimates for ( p E ,u E ) 
in 'H m -norm(see (11.111) above for the definition of TL m ). Second, since the divw e is no longer free for the 
compressible Navier-Stokes equations, one has to get enough estimates for divrt £ . Indeed, we can obtain 
a control of ll^t (d.ivrt e , Vp e )||^_ 1 _ :7 at the cost that the term f* || VZ m- 2 divM £ || 2 dT appears in 

the right hand side of the inequality. And, in general, it is impossible to obtain the uniform bound of 
f n \\Z m ~ 2 d zz u E \\ 2 dr due to the possible appearance of boundary layers. However, the situation is different 
for ||VZ rn_ 2 divu £ || 2 dT, because divw £ is not expected to have boundary layer structure. Another 
difficulty is that, due to the singular behavior at the boundary, we can only obtain the uniform estimate 
of £||<9™~ 1 (divw e , Vp £ )|| 2 which is not enough to get the uniform estimate for || S7 dff^vLW. Fortunately, 
we can obtain the uniform estimates for ||9™~ 1 Vp £ || 2 and get a control of ||(9™ - 1 clivzt £ || in terms of 
EjL’o 2 \\d J t {Xu e ,Xp E )\\l l _ 1 _ j and ||(p e , u E )\\u m which are independent of ||9™ - 1 (divw e , Vp e )|| 2 . These 
key observations play an important role in this paper. The third step is to estimate the ||9 n u e ||^m-i. 
Similar to nn, due to the Navier-slip condition & it is convenient to study rj = oj e x n + ( Bu E ) T 
with a homogeneous Dirichlet boundary condition. Indeed, we get a control of ||p||%m-i by using energy 
estimates on the equations solved by r). The fourth step is to estimate ||Vit e ||^i,c». In fact, it suffices to 
estimate ||(9 „w, £ ) t ||-hi,oo since the other terms can be estimated by the Sobolev imbedding. We choose 
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an equivalent quantity such that it satisfies a homogeneous Dirichlet condition and solves a convection- 
diffusion equation at the leading order. Before performing the estimates, we generalize some results of 
m in the Appendix, so that it can be applied to the compressible Navier-Stokes system. Moreover, we 
also need to get some control on ||VdivM e ||£co. Then, all these preparations will enable us to obtain a 
control of ||Vu e ||^i,oo. The last step is to obtain the uniform estimate of ||Ap e ||^i which gives a control 
of ||Vp e ||^i,«> from Proposition 12..11 Then Theorem 11.11 can be proved by the above a priori estimates 
and a classical iteration method. 

In general, it is hard to obtain the uniform estimate of \\u E \\L°a( 0 ,T;H 2 ) due to the possible boundary 
layers. However, the uniform H 3 bound and a uniform existence time interval as e tends to zero are 
obtained by Xiao-Xin in [25] (which are generalized to W k,p in 00 ) when the boundary is flat and the 
Navier-Stokes system is imposed with the following special Navier-slip boundary condition 

n ■ u e = 0 , n x uj e = 0 , x £ dLl. ( 1 . 21 ) 

In Theorem 11.61 below. we prove that ||u e ||L°°(o,T;_f/ 2 ) is uniformly bounded for the solution of compress¬ 
ible Navier-Stokes system ClU when the boundary is flat and the special boundary condition ( 11.2111 is 
imposed. 

In order to avoid the unessential technical difficulties, without loss of generality, we assume that the 
domain H is given by 

H = T 2 x (0,1), (1.22) 

and set 

T = {x = (yi,y 2 ,z) | 0 < 2 / 1 , y 2 < 1, and z = 0 or z = 1}. (1-23) 

Then, the boundary condition (11.211) will be imposed on T. Hereafter, the flat case means that H = 
T 2 x (0,1) and the Navier-Stokes system is supplemented with the special Navier-slip boundary condition 
(11.211) . In this domain, we define the conormal derivatives as following 

Zi = d Vi , * = 1,2, and Z 3 = z(l - z)d z . (1-24) 

Then, we have better uniform estimates for ||it e ||#2 as follows: 

Theorem 1.6 (Flat case) Let m > 6 and LI = T 2 x (0,1). Consider the initial data (pq,Uq) £ X^™r\H 2 
given in (11.141) and satisfying (11.151) - (II. 161) . Then there exists a time Tq > 0 and C i > 0 independent 
of £ £ (0,1], such that there exists a unique solution ( p E ,u E ) of (11.11) . (11.141) . (11.211) which is defined on 
[0,To] and satisfies the uniform estimates (11.191) and ( 11 . 201 ) . Especially, it holds that 

sup \\u E {t)\\ 2 H 2 +£ [ \\u e {r)\\ 2 H3 dT < exp(C'i)(l + ||*to||^ 2 ), (1.25) 

0<t<To J 0 

where C\ depends only on Co , Co- 

Remark 1.7 This theorem implies that ||(//, w £ )||L=°(o,r;ff 2 ) is uniform hounded which yields immediately 
that the boundary layers for ( p E ,u e ) is very weak for the flat case. 


Based on the uniform estimates of Theorem o using similar arguments as nn, one can prove the 
vanishing viscosity limit of viscous solutions to the inviscid one in L°°-norm by the strong compactness 
argument, but without convergence rate. However, we are interested in the vanishing viscosity limit 
with rate of convergence. In Theorem 11,81 below, we prove the vanishing viscosity limit with rates of 
convergence, which generalizes the corresponding results for the incompressible case in [25] [2B]. 

We supplement the compressible Euler equations m and the compressible Navier-Stokes system 
(O) with the same initial data ( Po,uq ) satisfying 

(po, Mo) £ H 3 D Xff™ with to > 6 . (1-26) 

It is well known that there exists a unique smooth solution (p, u ) ( t ) £ H 3 for the problem (11.31) , (11.11) 
with initial data (po,uo) at least locally in time [0,7i] where T\ > 0 depends only on ||(po, «o)||.f/ 3 - On 






















the other hand, it follows from Theorem 11.11 that there exists a time To > 0 and C\ > 0 independent of 
e £ (0,1], such that there exists a unique solution ( p E ,u E )(t ) of (11.111 . (11.61) with initial data (po,uo) and 
satisfies \\(p(p E ),u e )(t)\\ x ^ < C\. 


We justify the vanishing viscosity limit as follows: 

Theorem 1.8 (Inviscid Limit) Let (p,u)(t) £ T°°(0, T\\H 3 ) be the smooth solution to Euler equations 
(11.3D . (II.41) with initial data (po,Uo) satisfying (11.2611 . 

Part I(General case): Let ( p E ,u e ){t) be the solution to the initial boundary value problem of the 
compressible Navier-Stokes equations (011.(01) with initial data (po,uo) satisfying (11.2611 . Then, there 
exists T 2 = min{To,Ti} > 0, which is independent of e > 0, such that 


\\{p e - p,u s 
\\(p E - p,u e 


«)(*) \\b+e f UK 

Jo 

um\\m+e f\\{n e 

Jo 


- u )( T )\\m dT < Ce 2 , <G[0,T o ], 


-u){T)\\ 2 H2 dT <Ce*, te[0,T 0 ], 


and 

2 

||(p e -p,u e -M)|| L «. ( nx[o,r 0 ]) < UK - P,u e -u)W 5 l2 ■ II (p E - p,u E 



< Ce * 


(1.27) 

(1.28) 


(1.29) 


where C depend only on the norm ||(po, uo)||ff 3 + II ip(po): Wo)||-Y e • 

Part II(Flat case): Let Q = T 2 x (0,1) and (p E ,u e )(t) be the solution to the initial boundary value 
problem of the compressible Navier-Stokes equations (11.11) . (I1.21D with initial data (po,uo) satisfying (11.2611 . 
Then, there exists T 2 = min{To,Ti} > 0, which is independent of e > 0, such that 


\\{p E - p,u E 
\\{p e - p,u E 


u)(t) IH 2 +e 

u ) Wllffi + £ 


\\{u E -u){r)\\ 2 m dT <Ce 2 , fe[0,T o ], 
||(-u £ - u){T)\\ 2 H zdT < Cei , t £ [0,T o ], 


(1.30) 

(1.31) 


and 


\\{p E - p,u E - 


M )llL“(nx[0,T 0 ]) 


< II(p e -P,m £ -' 


I L 2 


\\{p E - p,u E - 


l^i.- <Ce*>, 


(1.32) 


where C depend only on the norm || (po, Wo)||jj3 + ||(p(po)i u o)\\x^- Moreover, the solution ( p,u ) of the 
Euler system sasifi.es the additional boundary condition, i.e. 


n x ui = 0, on T. (1.33) 

Remark 1.9 In general, it is hard to obtain uniform bound for ||it £ ||ioo(o,T;i? 2 )) otherwise, the corre¬ 
sponding Euler solution will satisfy (11.331) as above. However, usually, it is impossible for the solution of 
Euler system to satisfy the additional boundary condition (11.331) because the boundary condition (O is 
enough for the well-posedness of Euler system & 

Remark 1.10 The multi-scale analysis implies that the convergence should be of order in T°°(S2 x 
[0,T]), so the justification of this rate is still an difficult problem. 

The rest of the paper is organized as follows: In the next section, we collect some inequalities that will 
be used later. In section 3, we prove the a priori estimates Theorem 13.II By using the a priori estimates, 
we prove Theorem 11.11 in section 4. By careful boundary analysis, Theorem 11.61 is proved in section 5. 
Based on the uniform estimate in Theorem 11.11 Theorem 11.81 is proved in section 6. In the Appendix, 
we generalize the Lemma 14 and Lemma 15 of [T5] so that it can be applied to the case of compressible 
Navier-Stokes equations. 
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2 Preliminaries 

The following lemma [251 [ 23] allows one to control the H m ( fl)-norm of a vector valued function u by its 
iJ m_ 1 (fl)-norm of V x u and divu, together with the H m ~ a (<9fl)-norm of u ■ n. 

Proposition 2.1 Let m £ N+ be an integer. Let u £ H m be a vector-valued function. Then, there exists 
a constant C > 0 in dependent u, such that 

\\u\\ H m < C (||V x u\\ H m-i + \\divu\\ H m-i + \\u\\ H m -1 + |u ■ n\ Rm _i (afJ) ) . (2.1) 

and 

\W\\h™ < c (||V x u\\ H m-i + \\divu\\ H m-i + llulljym -1 + \n x u\ Hm _i (an) ) . (2.2) 

In this paper, we shall use repeatedly the Gagliardo-Nirenbirg-Morser type inequality, whose proof 
can be find in [ 8 ]. First, define the space 

W m (fix [0,T]) = {f(x,t)eL 2 (nx [0,T]) I Z“/eL 2 (fix [0,T]), \a\<m}. (2.3) 

Then, the Gagliardo-Nirenbirg-Morser type inequality is as follows: 

Proposition 2.2 For u,v £ L°°(Q x [0, T]) D H , 7 n (S2 x [0,T]) with m £ N+ be an integer. It holds that 

[ \\{Z 0 uZ' y v)(T)\\ 2 dT <\\u\\l r , [ \\v{T)\\ 2 nm dT+\\v\\l T f ||u(r)||^ m dr, \(3\ + | 7 | = m. (2.4) 
Jo ’Jo ’ Jo 

We also need the following anisotropic Sobolev embedding and trace estimates: 

Proposition 2.3 Let m\ > 0, m 2 > 0 be integers, f £ 1J™ 1 (Q) n H™ 2 (Ll) and V/ £ iF™ 2 (fl). 

1) The following anisotropic Sobolev embedding holds: 

11/111=0 < g([|V/[|^ 2 + \\f\\ H ^) ■ 11/11^1, (2.5) 

provided m\ + m 2 > 3. 

2) The following trace estimate holds: 

\f\ 2 H*(dn) - c(\\vf\\ 

H? 2 + II/IIh™ 2 ) • 11/llfC 1 - ( 2 - 6 ) 

provided mi + m 2 > 2 s > 0 . 

Proof. The proof is just a using of the covering C flo U ^ =1 f Ik and Proposition 2.2 in H3> the details 
are tus omitted here. □ 


3 A priori Estimates 

The aim of this section is to prove the following a priori estimates, which is a crucial step to prove 
Theorem o For notational convenience, we drop the superscript £ throughout this section. 

Theorem 3.1 (A priori Estimates) Let m be an integer satisfying m > 6, H be a C m+2 domain and 
A £ C m+1 (dH). For very sufficiently smooth solution defined on [0,T] of (11.11) and una (or m), then 
it holds that 

|p(x, 0)| exp(— f \\divu{r)\\ L ^dT) < p(x,t) < \p(x, 0)| exp( f ||diw(r)||i,~dr),Vt £ [0,T], (3.1) 

Jo Jo 

0 < c 0 < pit) < — < 00, Vt £ [0, T ], 
co 


In addition, if 


(3.2) 
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where cq is any given small positive constant, then the following a priori estimate holds 

Nm{t)+ j ||Va t m_ 1 p(r )|| 2 + ||Ap(T)||^ 2 dr + e f ||Vu(r)||^ m dr 
Jo Jo 

m—2 „t 

+ £ J2 W^ 2d t u ( T )\\h-k-idr + e 2 || V 2 9J™ _1 u(T)|| 2 liT 
fc= o "'° do 

< C 2 C m+2 {p(Af m (0)) + P(Afm(t)) ■ J P(AT m (r))dr}, Vi G [0 ,T], 
where C 2 depends only on P(-) is a polynomial and 

m—2 

M m (t) = Af m (p,u)(t) = sup {l + ||(p,u)(r)||^ m + ||Vu(r)||^ m _i + ^ ||<9 t fc Vp( 

0<r<t l fc=Q 

+ ||Ap(t)||^ + || Vu(r)||^i,oo + cllVar^MII 2 + e||Ap(r)||^}. (3.4) 


(3.3) 


\\m—l—k 


Throughout this section, we shall work on the interval of time [0, T] such that Co < p(t) < A. And 

we point out that the generic constant C may depend on — in this section. Since the proof of Theorem 
< < _ < * ^ c 0 

13.11 is quite lengthy and involved, we divide the proof into the following several subsections. 


3.1 Conormal Energy Estimates 

Notice that 

Ait = Vdivit — V x V x it, (3.1.5) 

then ( 11 , 11 ) .. is rewritten as 

put + pu ■ Vu + Vp = —peV x uj + (2/i + \)e\7divu , (3.1.6) 

where ca = V x it is the vorticity. Since p > 0, 2p + A > 0, we normalize p and 2p + A to be 1 and 2 
respectively for simplicity. 

In this subsection, we first give the basic a priori L 2 energy estimate which holds for nu with mu). 


Lemma 3.2 For a smooth solution to (HU and (HU, it holds that for e G (0,1] 

SU P ( ( \p\ u \ 2 ^ -— TP 1 dx) + ae [ ||Vu|| 2 dr< I ^-p 0 \u 0 \ 2 -\ - —-p^dx + C [ \\u\\ 2 dr, (3.1.7) 

o<r<t W 2 7-1/ J Q J 2 7-1 J 0 

where Ci > 0 is a positive constant. 

Proof. Multiplying (13.1.61) by it, using the boundary condition and integrating by parts, we have that 

— J -p|it| 2 da; + J \7pudx = —£ J V xumdx + 2e j Vcli vuudx. (3.1.8) 

By using (II.11) ^ we obtain that 


J Vpudx = ——j- J Vp 7 1 • pudx = ——j- J p 1 1 


Ptdx = — 


1 


dt J 7 — 1 

Integrating by parts and using the boundary conditions HU, one has that 


p 1 dx. 


—e 


and 


J V x uiudx = — e|M | 2 — e J (n x w) • uda < —er||ai || 2 + Ce|it| 2 2 ( af1 ), 
£ J u\7divudx = —£||divit|| 2 . 


(3.1.9) 


(3.1.10) 
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Substituting (13.1.911 - (13.1.1011 into (13.1.81) leads to that 

J t ( J \P\ u \ 2 + + 2 £ ll divM H 2 < Ce \ u \h(dQ)- (3.1.11) 

Due to Proposition 12.II it holds that 

||w || 2 + 11divzx11 2 > 2ci||Vu || 2 - C||u|| 2 . 

The trace theorem implies 

£ \ u \h(an) < • IMI < ^cie||Vu || 2 + Ce\\uf. (3.1.12) 

Then (13.1.13D - (I3.1.121) give that 

|(/ \p\ u \ 2 + +ci£||Vu || 2 < C\\u\\ 2 . (3.1.13) 

Integrating the above inequality with respect to t yields (13.1.71) immediately. Thus the proof of the 
Lemma 15721 is completed. □ 

Set 


m —2 


a mit) ^ \\( P ,u)(t)f H m + \\vu{t)f Hm ^ + y wvdtpml-i-k+ewvdrMm 2 , (3.1.14) 


k =0 


and 


0<r<t 

Lemma 3.3 For every m G N+, it holds that 


Q(t)= sup |||(Vp,Vu)(f)||^i,oo + \\(p,u,pt,u t )(t)\\l r \. 


(3.1.15) 


sup \\[U,p)\\ U r. 
0 <T<t 


+ £ Jo ll Vu ^llw mdr - CC m+ 2 ^\\(uo,Po)\\n^ +fe2 / l|V 2 u(T)||^ m _idr 


+ sj ||V<9™ 1 p(T)\\ 2 d,T + C’ S [l +P(Q{t))\ J A m (r)dr|. 


(3.1.16) 


Proof. The case for m = 0 is already proved in Lemma HOI Assume that (13.1.161) is proved for k < m— 1. 
We shall prove that it holds for k = m > 1. By applying Z a with |a| = m to (I3.1.6I1 . we obtain 

pZ a u t + pu ■ VZ a u + Z a Vp = -eZ a X7 x w + 2eZ“VdivM + Cf + C%, (3.1.17) 


where 


and 


C? = -[Z a ,p]ut = - Y C Pj7 Z p pZ^u t , 

l/3|>l./3+7=“ 


C“ = -[Z a lP u- V]u = - Y Cp^Z p (pu)Z 1 ’S7u — pu ■ [Z a ,\7]u. 

\/3\>l,/3+j=a 

Multiplying (13.1.171) by Z a u, and integrating by parts, one gets that 
d J ^ p\Z a u\ 2 dx + J Z a \7pZ a udx 

= — e J Z a V x u ■ Z a udx + 2e J Z a Vdivu • Z a udx + J (Cf + C%)Z a udx. 


(3.1.18) 

(3.1.19) 


(3.1.20) 


Notice that 


< —s / Z a to ■ V x Z a udx - e 


—£ J Z Q V x uj ■ Z a udx = — £ /vx Z a co ■ Z a udx — e J [Z a , V x]w • Z a udx 

- e f n x Z a uj ■ Z a udu 
Jon 

+ Ce\\\7 2 u\\ Hm -4u\\ Hm + C'(||Vu|| 2 im _ 1 + \\uf Hm ) 

+ fe 2 || V 2 W ||^ m _ 1 + C S ( || V U ||^ m _i + \\uf nm ). 


< -¥||V X Z“d | 2 -el nx Z a uj ■ Z a uda 
4 Jon 

_2||v72„,I|2 


(3.1.21) 
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In order to complete the estimates of (13.1.211) . one needs to estimate the boundary terms involving Z a u 
with «i 3 = 0(For <213 ^ 0, Z a u\on = 0 by definition). Due to (11. 71) . one has for |a 0 | + |aa| = m 

|n x Z a u |L 2 (an) < C m +2 (|^r° w liji<» 1 !-i(aQ) + l^t Q ° u lffi“ii(an)) 

< c m+2 \\vd?°to\\f aihl ■ n<9r°^ii|t 1 |_ 1 +c Tn+2 ||v^°uii l t i | • nar°«ii 1 t ll 

+ C'm+ 2 (||Vu|| W m-i + ||u||w m ) 

< C m+2 (\\V 2 u\\hm-i ■ ||Vu ||| fm _ 1 + II Vu|| • Hull’™ + ||V«||*m-l + ||u|| W m), (3.1.22) 


thus 


/ ■ 


x Z“w • Z a ud(j < e\n x Z a ui | L 2 (an) • \Z a u\ L 2 (dQj) 

< C m+2£ (||Vu||i m + ||u||| m ) • \\u\\l m (HV^Hwm-I + II Vu||^m + ||V«|| W m-l + ||«||^) 

< 6e\\Vu\\ 2 Hm + <ye 2 ||V 2 «||^—i + C s C m+ 2 (\\u\\ 2 nm + ||Vu||^ m _i) • (3.1.23) 

This, together with (13.1.211) . yields that 


-e J Z Q V x u ■ Z a udx < -^||V x Z“u || 2 + <fe||Vu|&m + fe 2 ||V 2 u ||^ m - 1 


C s C m+2 (\\Vu\\ 


2 

H m ~ 1 


IW" 


(3.1.24) 


Notice that 


e J Z“Vdivu • Z a udx = e J V Z a divu • Z a udx + £ J [Z a , Vjdivu • Z a udx 

< — £ f Z a divu ■ d\vZ a udx + £ f Z a divu ■ ( Z a u ■ n)da 

J Jan 

+ £ ||V 2 u||„ m -i • ||u|| W m + C(||Vu||^ m _i + ||ti||^m) 

< —^||divZ“u || 2 + £ f Z a divu ■ (Z a u ■ n)dcr 

4 Jan 

+ fe 2 ||V 2 u||^ m _i + Cs(\\ Vull^.i + \\u\\ 2 Hm ). 


(3.1.25) 


In order to estimate the boundary term in the above term, one needs to discuss the following two cases. 
If |ao| = |a|, then by (II. 71) . one has that • n|pn = 0 which implies that 


£ f Z“divu • (Z a u ■ n)da = 0. (3.1.26) 

Jan 


If |ori | > 1 , then by using on and integrating by parts along the boundary, one obtains that 


£ [ Z a divu ■ ( Z a u ■ n)da = e f Z ai d?°divu ■ ( Z ai d?°u ■ n)da 

J dfl J dfi, 

= -£ [ Z ai ~ 1 dt°dwu ■ Z v {Z ai d?°u ■ n)d<j < e\Z°‘ 1 - 1 d? 0 dwu\ L 2 \Z v (Z ai d? 0 u ■ n )\ L 2 
Jan 

< Cm^Z^-'d^divulL* ■ |3“°u|jj|a|-|o 0 | 

< C m+ 2 £(||V 2 u||J m _ 1 + HVulli—0 • ||Vu||^ m _i • (||Vu||* ra + \\u\\l m )\\u\\i m 

< fe||Vu||^ m + fc 2 ||V 2 u || 2 im _ 1 + C , iC' m + 2 (||Vu||^ m _i + \\u\\ 2 Um ), (3.1.27) 

where Z y or d y represents the derivatives involves only the tangential parts. Then (13.1.25D - H3.1.271) yield 
that 


£ / Z °vdi™ - z "^ ^ -T l|d " 2 "" 112 + &l|v "»«" + 2 fc 2 ||v 2 “ll«-‘ 

+ C',C' m+ 2 (||Vu ||^ ra _ 1 + ||«||? fm ). 


(3.1.28) 
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On the other hand, it follows from Proposition 12.11 that 

2ci||VZ q u ||| 2 < (||V x Z a u\\ 2 L2 + ||divZ“u ||| 2 + ||Z“u ||| 2 + \Z a u ■ n\z_i 


H 2 (9f2) 


) 


< 


(ll V x Z a u \\ 2 L2 + ||divZ“ U ||i a ) + C m+ 2 (\\u\\ 2 nm + || Vull^-x) (3.1.29) 


where one has used 


0 , if k = m, 

Z?- k d?u-n\ Hi < <j C ro+2 |^| Hm _ fe _r <Z\ al < m -i\Z a M Hi 

.<C m+2 {\\^/u\\ n m-i+ \\u\\ n m), if k < m — 1, 


(3.1.30) 


which is a consequence of ED and m- 

Integrating the resulting equation (13.1.2011 . and substituting (13.1.291) . (13.1.281) and (13.1.241) into (13.1.201) . 
one gets that 


i J p\Z a u\ 2 dx + j Z a Vp- Z a udxdr + 2c 1 £ j ||VZ a u(r)|||: 2 dr 

<- f p 0 \Z a u 0 \ 2 dx + C5e 2 J || V 2 u(r)||^ m _idr + CSe J ||VM(r)||^ m dr 

+ C s C m +2 [ ||Vu(r)||^ m _ i + ||u(r)||^ m dr+ [ [ (C“ + C 2 “) • Z a udxdr. (3.1.31) 
Jo Jo J 


Now we estimate the pressure term on the left hand side of (13.1.311) . Notice that 


Z a X7p ■ Z a udxdr = / \JZ a p ■ Z a udxdr + 




■ Z a udxdr 


> - 


> - 


[ ( Z a p ■ d\vZ a udxdr + f ( Z a pZ a u ■ ndadr — C f ||u||-Hm || Vpll^m-idr 

Jo J Jo Jon Jo 

f f Z a p ■ Z a d\vudxdr + f f Z a pZ a u ■ ndadr — 6 f ||Vp||^ m _idr 
Jo J Jo JdQ Jo 

-Cst ||(p ) u)||^ m + ||Vu||^ m -idr (3.1.32) 

Jo 

First, we treat the boundary term when CH 13 = 0(for a ±3 ^ 0, Z a u = 0 on the boundary) in the right 
hand side of (13.1.321) . If |a 0 | = |a|, one has, from (13.1.301) . that 


Z a pZ a u ■ ndadr = 0. 


(3.1.33) 


o Jd n 


If |ori| > 1, integrating by parts along the boundary and using (13.1.301) . one has that 


| [ f Z a pZ a u ■ ndadr\ = | f [ Z^d^pZ^d^u ■ ndadr\ 

Jo Jon Jo Jon 

= f\Z^d?°p\ Hh ■ \Z^d?°u-n\ Hi dadr 

J 0 

< C m+2 f (||VZ“ 1 - 1 S“°p|| + \\Z ai ~ 1 d^°p \\)’ ||Z“ 1 ” 1 a “>||| 1 (||Vu|| W m_i + \\u\Mdr 

Jo 

<6 [ WVpC^dT + CsCm +2 f (||v u ||^ ra _ 1 + ||(p,«)||^ ra )dr. (3.1.34) 

Jo Jo 


Therefore, it follows from (13.1.331) and (13.1.341) . that 


Z a pZ a u ■ ndadr 


o Jen 


< 


s [ \\S7p\\ 2 Hm -idr + C 5 C m+ 2 [ (||Vw||«m-i + ||(p,ti)||«m)dr. (3.1.35) 

Jo Jo 
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In order to estimate the first term on the right hand side of (13.1.321) . one rewrites the equation (11,11) 1 as 

divzt = — (lnp) t — u ■ Vlnp = — —-- Vp. (3.1.36) 

IP IP 

Applying Z a to (13.1.361) yields that 

Z a dWu = -—Z a p t -— ■ Z a S7p- Y c P,-t z0 {—)- Z^p t 


IP 


7 P 


Ij9|>1)/3+7=« 
u 


IP 


Y Cp„ZP{-)-ZiVp. 

z—/ r Y'P 

l/^l>l>/5+7 =Q! 


(3.1.37) 


It is easy to get that 


Z a p ■ —Z a p t dxdT = 
7 P 


1 . - r f, 1 


( 2 ^ Zap ^ tdxdT ~ J Q J ^^ Za P\ 2dxdT 


> J -J^\ za p\ 2 dx ~ J ^\Z a p 0 \ 2 dx-C\\p t \\ I .- J \\Z a p\\ 2 dr. 


(3.1.38) 


It follows from integrating by parts and & that 
rt • 

Z a p ■ — • Z“V pdxdr 
7 P 


> 


j o J 7 ^-V(\Z a p\ 2 )dxdT ~ C\\^\\ L ~> (\\p\\h™ + \\\7p\\ Hm -i)\\p\\ H rndT 

6 f IIVpH^-xdr - C s P(Q(t)) f \\p\\ 2 nm dr. 

Jo Jo 


> - 


Due to Proposition 12.21 one has that 


(3.1.39) 


Y I f f Cp^Z a pZ p (-) ■ Z^ptdxdrl 

|/3|>l,/3+ 7 = a J P 

<([ Ibll n^dr) Y ([ \\ z>3 (.b ■ Z^PtfdA 

\J0 J \Jo P / 


I/ 3 I> 1 i/ 9 +7=“ 


< 


/ Ibll umdr) f sup \\Zp\\ 2 Loo f \\pt\\h m -idT + sup ||pt||i°° / W^Wn^dr 
Jo J Vo <r<t Jo o <r<t Jo P 


<[1 + P(Qm / Ibll^dr, 


(3.1.40) 


and 


V \f [ C 01 Z a pZP(~) ■ Z^pdxdrl 
irti.rrL Jo J P 

|P|>1,P+7=Q! 


< 


l/3|>l I( 3+7=Q 


J o Ibllw-^ ([! + P (Q(t))]j o l|Vp||^m-l + ll^ll^mdr^ 

( ||Vp||^ m -idr + [l + P(Q(t))] f \\{p,u)f H m.dT, 

Jo Jo 

where in the estimates of (|3.1.40|) and ([3.1.4111 . one has used 

C2 / Ibll HmdT~C[l+P(Q(t))} f ||p||«m-idr< [ ||(p a ,lnp)||^ m dr 

Jo Jo Jo 

\\p\\umdT + C[l + P(Q(t))\ ( Ibllwm-idr, 

Jo 


(3.1.41) 


c 2 Jo 


(3.1.42) 
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here a € 1 is any given constant and C 2 is a positive constant depending on — ,a. It follows from 
(I3.1.37M3.1.41I) . that 


— [ [ Z a p ■ Z a divudxdr > [ — \Z a p\ 2 dx — / —-— \Z a p 0 \ 2 dx 

Jo J J 2 7P J 2 7Po 

-CS [ \\Vp\\ 2 nm -idr-C s [l + P(Qm f \\(p,u)\\ 2 nm dT. (3.1.43) 

Jo Jo 

In order to complete the estimates in (13.1.311) . it remains to estimate the terms involving Cf and C 
It follows from Proposition 12.21 and (13.1.421) that 

[ || C?\\ 2 dxdT<C [ ll z V Z^utfdr 

l/3|>b/3+7=« ° 

<C sup \\Zp\\ 2 LOO f \\u t \\^m-idT + C sup ||u t |||=c f M^mdr 

0<r<£ JO 0<r<t JO 

< [1 + P(Q(t))\ [ ||(p,u)||«mdr, (3.1.44) 

Jo 


and 


< 


t r-t ft 

\\C%\\ 2 dxdr < C ^ / \\Z^(pu) • Z 7 Vu|| 2 <iT + sup ||pu||x,«. / ||Vu||^ m -idr 

\P\>hP+-y=a° °- Tt 

C[l + P(Qm C || + HpuH^mdr < C\\ + P(Q(t))] f P(A m (r))dr. (3.1.45) 

Jo Jo 

As a consequence of (13.1.441) . (13.1.451) and the Cauchy inequality, one has that 

[ f (Cf + C£) ■ Z a udxdr < C[ 1 + P{Q(t))} f P(A m (r))dr. (3.1.46) 

Jo J Jo 

Therefore, substituting (13.1.431) and (13.1.461) into (13.1.311) yields (13.1.161) . Thus the proof of the Lemma 
13.31 is completed. □ 


3.2 Estimates for divti and Vp 

To deal with the compressibility of the system, we need to derive some uniform estimates on ||divu|| W m-i, 
which will imply the desired uniform estimates on ||Vu||^m-i. 

Lemma 3.4 For every m £ N+, it holds that 


sup ( [ -p\divu(T )\ 2 4—— |Vp(r)| 2 dx') + —e [ ||VdA>u(T)|| 2 dT 
0<r<tW 2 2 7 P J 4 j 0 

< f \po\divuo\ 2 + \Vp 0 \ 2 dx + C 3 [l + P(Q(t))} [ A m (T)dT. 

J 2 2 7Po Jo 

Proof. Multiplying (13.1.61) by Vdivit yields that 

J J (put + pu ■ Vu)V divudxdr + J J Vp • Vdxvudxdr 

= — e f [ V x u ■ Vdivudxdr + 2e f || Vdivu|| 2 dr. 

Jo J Jo 


(3.2.1) 


(3.2.2) 
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Integrating by parts and using the boundary conditions (EZD, one obtains that 

J j (put + pu • V u)S7drvudxdr = — J J (pdivut + pu ■ S7 divu)drvudxdr 
— / / (S7 p • Ut + S7{pu) t ■ S7u)dWudxdr + / / p(u ■ SZ)u • ndivudadr 

Jo J Jo J do. 

<Jp\d^ dx + \ J p 0 \divu 0 \ 2 dx + C[1 + P(Q(t))} J ||(u t: V?r)|| 2 dr 

+ p(u ■ S7)n • udivudadr 

Jo Jdn 

< ~ J p\divu\ 2 dx + ^ J p 0 \divu 0 \ 2 dx + C[l + P{Q(t))} J \\(u t , V?i)|| 2 dr 

+ C 2 [l+||pVu|M /VulllMIdT 
Jo 


< -■ 


■ J p\ddvu\ 2 dx + ^ j p 0 \divu 0 \ 2 dx + C 2 [l + P{Q(t))\ J A m (r)dr. (3.2.3) 


Using (13.1.361) and integrating by parts lead to 


/ [ 'S/p ■ Vdi vudxdr = — [ [ S/p ■ V (—)dxdr — [ / S/p ■ SZ(u • ——)dxdr 

Jo J Jo J IP Jo J 7 P 

<— [ I S/p ■'—t—dxdT — [ [ —— • V(|Vp| 2 )dxdr + C[1 + P(Q(t))} [ ||Vp|| 2 <iT 

Jo J IP Jo J 2 1P Jo 


--j wJ Wrfix 


- - \S7p 0 \ 2 dx + C[l + P(Qm / II S/pfdT, 

ZjPo Jo 


and (E3, together with integration by parts along the boundary, implies that 


V x ui ■ SZdivudxdr 


= e 


n x ui ■ S/divudadr 


o Jan 


= £ 


n (Bu) ■ n(VdivM)dcrdr = £ f f ( Bu) ■ Zydrvudadr 

in Jo Jan 


< C 3 £ / |lt| 


H i\ Aivu \ H i dT - °3£ J ||w||ffi||divu|| ff idr 


< 


\\S7divu\\ 2 dT + C 3 £ (||Vit || 2 + ||u|| 2 )dr. 


(3.2.4) 


(3.2.5) 


Substituting (13.2.3I) - (I3.2.5D into (13.2.21) proves (13.2.11) . Thus the proof of Lemma 13.41 is completed. □ 

Next, we consider the higher order estimates. One starts with the estimates of Z a divu for |ao| < to— 2 
with |a| = m — 1 . 

Lemma 3.5 For every m > 1 and \a\ < m — 1 with |ao| < m — 2, it holds that 

sup ( [ p\Z a divu(r )\ 2 +—\Z a S7p{r)\ 2 dx) + £ [ \\S7 Z a divu(T )\\ 2 dr 

o<r<t /J 7 P 'Jo 

p 0 \Z a divuo\ 2 +—\Z a SZpo\ 2 dx +CCm +2 {5 [ || V<9 t m_1 p(r)|| 2 dr 
IPo L Jo 

+ (5 + e) [ \\S7Z m ~ 2 divu(T)\\ 2 d T + C$[l + P(Q(t))\ ( A m (r)dr 
Jo Jo 


0<T 

< 


+ e 


£||V 2 u(r)||^ m _ 2 dr} 


(3.2.6) 


where the last term doesn’t appear if m — 2 < 0 . 
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Proof. The case for |a| = 0 is already proved in Lemma |3.41 Assume that it is proved for |a| < m — 2, 
one needs to prove it for |a| = m — 1 > 1 with |ao| < m — 2. 

Multiplying (13.1.171) by VZ a divu leads to 

J j ( pZ a u t + pu ■ \7 Z a u)\7 Z a divudxdr + J J Z°Vp • V Z a d\vudxdr 


= —£ 


Z“V x w ■ V Z a divudxdr + 2e 

■t 


Z“Vdivu • VZ Q divit<ArdT 


J J (Cf + C%)S7Z° l divudxdr. 


(3.2.7) 


Integrating by parts gives that 

J J ( pZ a ut + pu ■ V Z a u)V Z a divudxdr 
= — J J (pdivZ a ut + pu ■ X7divZ a u)Z a divudxdr 
— J J (V p ■ Z a u t + V(pit)* ■ S7Z a u)Z a divudxdr 


lo Jon 

For I\ and I 2 , one obtains easily that 

r t 


( pZ a u t ■ n + p(u ■ S7)Z a u ■ n)Z a divudadr = I\ + I 2 + h- 


(3.2.8) 


h = - 


J J (pZ a divu t + pu ■ VZ a divu)Z a divudxdr 


p[div, Z a ]u t + p(u\Z y i + u 2 Z y 2 + 


u-N 

V{z) ‘ 


3 )[div, Z a ]uj 


Z a dwudxdT 


<-/ ^\Z a divu(t)\ 2 dx + J ^-\Z a divuo\ 2 dx + C 2 [l + P(Q(t))} J A m (r)dr, (3.2.9) 


and 


h < C[1 + P(Q(t))} [ A m (r)dr. 

Jo 


(3.2.10) 


Noting that Z a contains at least one tangential derivative Z y , integrating by parts along the boundary 
and using (13.1.301) , one obtains that 


h = 


I f [pZ a u t ■ n — p{u • V)n • Z a u + p(u ■ V)(Z a u ■ n)]Z a divudadr 
Jo Jdn 

n [pZ a u t ■ n — p(u ■ V)n • Z a u + p[u\Z y i + u 2 Z y 2 )(Z a u ■ n)]Z a divudadr 

< C[1 + P{Q{t ))] jf (| Z a ut 


n \ H i + \ Za u\ H h +\Z a u-n\ Hi 


divu| idr 


< C s C m+2 [l + P(Q(t))\ j A m {r)dr + S [ \\VZ m ~ 2 divu\\ 2 dr. (3.2.11) 

Jo Jo 

Substituting (13. 2. 91) . (13. 2. 101) and (13.2.111) into (13.2.81) . yields that 

J J \pZ a ut + pu ■ V Z a u)S7Z a divudxdr 

^|Z Q divit(f)| 2 c£r + J ^-\Z a d\\UQ\ 2 dx + d J || VZ m_ 2 divu|| 2 dr 

+ C s [l + P(Q(t))} f A m {r)dr. (3.2.12) 

Jo 


< - 
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It is easy to obtain 


.(/■ 


e I I Z a Vdivu • \/Z a divudxdr 

rt rt 


= £ 


[ || S7Z a divu|| 2 dr + £ f f [ Z a , V]divw • VZ a dWudxdr 
Jo Jo J 

[ || \/Z a divu\\ 2 dr — Ce j || \/Z m ~ 2 di\u\\ 2 + A m (r)dr. 
Jo Jo 


> —£ 


It follows from and Proposition 12.31 that for k < m — 1 


I n x < C m+2 \d^\ Hm _ k _, +C m+2 \d?u\ Hm _ k _ i 

< C m+ 2 ||V 2 lt||J m _ a • ||Vu ||^ m _ 1 + C7 m+ 2 (||V«|| W m-l + ||u||«m). 


This, together with integrating by parts, shows that 


— e J J Z“V x ui ■ S7 Z a divudxdr 

= — e J /vx Z a uj ■ V Z a divudxdr — e J J [Z a , V x]w • V Z a divudxdr 

rt r t 


> - 


> - 


> - 


j || VZ Q divM|| 2 o?T — e f f n x Z a u} ■ H(\ / Z a divu)dadr 

° Jo Jo Jdn 

-Ce [ || VZ m_ 2 w || 2 + A m (r )dr 

Jo 

^ J || VZ“divu|| 2 dr — Ce J \n x Z a oj\ H i • |Z Q divu| ff i dr 

-Ce / ||VZ m - 2 u;|| 2 +A m (r)dr 

Jo 

\\VZ a divu\\ 2 dT-Ce [ \\W 2 u\\ 2 nm . 2 dr-C m+2 [ P(A m (r))dr. 

4 J n Jo Jo 


Now we estimate the terms involving the pressure. It follows from (13.1.361) that 


Z a S7p ■ A7 Z a divudxdr 


< ( f Z a Vp ■ Z a Vdivudxdr + S ( ||VZ m 2 divw1 1 2 dr + C$ f A m (r)dr 
Jo j Jo Jo 


< - 


t r pt p 

Z a S7p ■ Z a X7(-)dxdr - / / Z Q Vp • Z Q V( — ■ X7p)dxdr 

IP Jo J IP 


+ <5 f ||VZ m 2 divu\\ 2 dr + Cs [ A m (r)dr. 

Jo Jo 

For the first term on the right hand side of (13. 2. 161) . one notices that 


Z“V(^) = — Z a V Pt + Y Cp ryZ^ (—) ■ Z J Vp t 
1P \P\>W-r=o lv 

+ y c Pa zPpfZ^v{—). 


Therefore, Proposition 12.21 shows that 

rt 


f [ Z a \7p ■ Z a S7 (—)dxdr < — / — |Z Q Vd 2 d:r + / —|Z“Vp 0 | 2 da; 
Jo J IP J 2 7P J 2 7Po 

+ 6 [ WVdr^pfdr + CsO + PiQit))) f A m (r)dr. 

Jo Jo 


(3.2.13) 


(3.2.14) 


(3.2.15) 


(3.2.16) 


(3.2.17) 







19 


To estimate the second term on the right hand side of (13. 2. Kill , we notice that 


Z Q V(— • Vp) = V —Z a S7d v i P +^—^Z a d z S7p 
7 P IP IP 


+ E E C ^&-Z^d, 


i = 1,2 |/3|>1,/3+7=q: 


7P 


l|8|>l)/3+7=a 

TO • _ZV\ 


+ E E C S ,-,2'’V(-1).Z19„.P+ ^ c,, 7 Zf V(—) ■ z-'a.p. 

2=1,2 /3+7=q; ' /3+7=ck ' 


(3.2.18) 


Then integrating by parts gives that 


Z“Vp- f V —Z“V9, 


u • /V 

■ y .p H- Z a d 7 S/p ) dxdr 


7P 


= - f f Z a V P • ( J2 —d y iZ a S7p + ^—^d z Z a 'Vp'j(lxclr 

JO J V i=l,2 dP 

-1 f 2 °vp- (E a *] v p) <fadr 

<C 2 [l+P(Q(i))] [ A m (r)dr. 
do 


(3.2.19) 


Using Proposition 12.21 one has that 


E ( E c„. 


2=1,2 /3+7=q: 


Z Q Vp • Z ^(—) • Z 1 d v ipdxdr 
IP 


Y C 0: 7 f I Z a V P ■ Z^{—) ■ Z^Vdyipdxdr^J 

l/3|>l,/3+7=c« < ' 0 ^ 7P 


< <5 / ||Var“ 1 p|| 2 dT + <7 5 (l+P(g(t))) [ A m (r)dr, 

do do 


(3.2.20) 


and 


Z“Vp • 2 / 3 V(^-7) • Z^d zP dxdr 
7 P 


E c /u 

/3+7=a 

<5 f WVd^pfdr + CsCm+^l + PiQm f A m (T)dr. 
Jo Jo 


On the other hand, notice that for |/3| > 1, /? + 7 = a, and |a| = nn — 1 

^(—) • Z 7 0 2 Vp = ) • ip(z)Z' y d z Vp 

p <p{z) p 

= E 7 , 7 ^(^)-^(^vp), 


^</3,7<7 


W>(z) 


where |/J| + | 7 | < m — 1 , It) < to — 2 and C§ - is some smooth bounded coefficient. 
If P = 0, and hence | 7 | < to — 2, it holds that 


|| Z /5(^_7) . z7Z 3 Vp)|| 2 dr < G||^E|||„ 

pp(z) pip(z) 


l^3Vp(r)||^ m _ 2 dT 


< G 2 (l + ||u||^i,oo) J A m (r)dr < C 2 (l + P(Q(t))) J A m (r)dr, 


(3.2.21) 


0 


(3.2.22) 
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where one has used || 1|< C'||u||wi,«. due to the boundary condition u - n = 0. On the other hand, 
by using Proposition ^. 21 for /3 ^ 0, one obtains that 


Z a \7p ■ ZP (—-E ■ Z^(Z 3 \/p)dxdT 
PV(z) 


,-N 


- E ^ 

i8</3>7<7 

<c( f \\Z^7pfdrY ■ sup \\Z( 

Wo > o <T<t PV{z) 

< C m+ i[l + P{Q(t))} I Am^dr, 

Jo 


ZS7p) Hi 


| Z( U ' N ^ 


ptp{z) 


'J.fm — 2 


\Z 3 Vp\\ 2 Hm . 2 


where one has used the following hardy inequality in the last step of (13. 2. 231) 


\Z( 


u-N 

tp{z) 


\u m ~ 2 < C m + l{\\ Vwll-Hm-l + ||u|| W m-l), 


which is proved in page543 of [TB]. Then (13.2.221) and (13. 2. 231) yield immediately 


E 

l/3|>l>/3+7=“ 


Z a \7p • Z p {—-) • Z 1 d 7 SpdxdT 
P 


< Cm+i(l + P(Q(t))) [ A m (r)dr. 

Jo 

Combining (I3.2.18I) - (I3.2.21I) with (13.2.251) . one obtains that 


Z a \7p ■ Z a \7 (— • \7p)dxdr 
IP 


Due to (13.2.171) . (13.2.261) and (13. 2. 161) . it holds that 


a 


Z a A7p ■ \/ Z a dwudxdr 


1 


<- / ^ -\Z a S7p\ 2 dx + 


I -^—\Z a V Po \ 2 dx + CS [ ||VZ m - 2 divM|| 2 dr 

J 2yp 0 Jo 

+ CS [ ||V9 t m "VH 2 W + WC m+1 (l + P(Q(f))) / A m (r)dr. 

Jo Jo 

Finally, using Proposition 12.21 and integrating by parts, one can get that 
| J J (C? +C2)VZ a divudxdT\ 

| J J (Cf + C^)ZVZ“ _1 divudxdr\ + C J (|Cf | + |C£|)|' V Z a ~ x dWu\dxdr 

| J J (|ZC“| + \ZC£\ + |C“| + \C%\) ■ \S/Z a - l dWu\dxdT 

<6 [ \\S7Z m - 2 dwu\\ 2 dT + C ( ||(Cf,C?)||^i dr 
Jo Jo co 

<5 f \\VZ m - 2 dwu\\ 2 dT + Cs(l + P(Q(t))) [ A m (r)dr, 

Jo Jo 


< 


< 


where the following estimate has been used: 


fll(Ci a ,C 2 “)|| 2 , 1 dr < C(1 + P(Q(t))) /‘a m (r)dT. 
Jo co Jo 


(3.2.23) 


(3.2.24) 


(3.2.25) 


<CS [ ||V<9 t m ~V|| 2 ( 7 r + CsCm+iO + P(Q(t))) f A m (r)dr. (3.2.26) 

Jo Jo 


(3.2.27) 


(3.2.28) 


(3.2.29) 


Substituting (13.2.121) . (13.2.131) . (13.2.151) . (13.2.271) and (13. 2. 281) into (13. 2. 71) proves (|3.2.6I) . Therefore, the 
proof of Lemma 13.51 is completed. □ 
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Remark 3.6 It should he pointed out that in general, it is hard to derive an uniform estimate to 
the term f 0 \\Z m ~ 2 d zz u\\ 2 dr due to the possible appearance of boundary layers. However, the term 
fo ||\7 Z m ~ 2 divu \\ 2 dr is expected to be controllable since one could expect that there is no strong boundary 
layer in either divu or pressure p. 

Although we have obtained the bound for \\Z a (divu, Vp)|| for \a\ = m — 1 with |ao| < m — 2. Yet, 
the estimates on ||9™ _ 1 (divu, Vp)|| is weaker: 

Lemma 3.7 For every m > 1, it holds that 

sup (e [ pld ™- 1 divu(T )\ 2 + — |a m_ 1 Vp(r)| 2 da; N ) + e 2 / || V dY 1 - 1 divuMf dr 

o <r<t V J 7 P J Jo 

<e [ p 0 \d™~ 1 divuo\ 2 + — |9 t m_ 1 Vp 0 | 2 da; + C s C m+1 [l + P(Q(t))} f A m (T)dT. (3.2.30) 
J IPo Jo 

Proof. Applying d ™ -1 to (13.1.61) shows that 

pd™~ l u t + pu ■ Vd?~ l u + d t m-1 Vp = -eV x d t m_1 w + 2 £ Vd t m_1 divu + C ™” 1 + C™~\ 

where 


CT -1 = p]ut = J- C 0 !l d?pd]u t , 

I P I > 1 5 P +7=m—1 


(3.2.31) 

(3.2.32) 


and 


Cr 1 = -[• V]u = - ^ Cp„d?(pu)dlVu. 

\(3\>l,/3-\-'f=m—l 

The boundary conditions become 

n ■ d^u = 0 , nx = [Bd^u^, x £ 3fi. 

Multiplying (13.2.311) by £ Vdivi9™ _1 u yields that 


(3.2.33) 


(3.2.34) 


= —e‘ 


(, pd™ Ut + pu • V<9™ u)\7divd™ udxdr + e J J d™ V_p • Vdiv<9™ udxdr 

I I V x • Vdi udxdr + 2e 2 f || V9J n_ 1 divu|| 2 dr 

Jo J Jo 

+ e J o J (cr 1 + udxdr (3.2.35) 

It follows from (13.2.341) and integrating by parts that 

e 2 | / / Vxar 1 o;-Vdivar-Wr|= e 2 | f f n x <9™ _ 1 u; • n(Vdiv(9™ _ 1 u)do-dT| 

Jo J Jo JdQ 

< £ 2 £ |n x dr^\ Hi ■ IdWdr^l^dr < C 3 e 2 J* W~ l u\ Hh ■ \drvd?- l u\ H ±dT 

< C 3 s 2 f ||ar _1 «ll^ • WdWdr'uWHidr 

Jo 

< fe 4 f || \7d™~ 1 divu\\ 2 dr + C 3 C& f A m (r)dr. (3.2.36) 

Jo Jo 
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and 


= — £ 


(,pd™ 1 u t + pu ■ V<9 t m 1 m)V div9™ 1 udxdr 
J J (pd™~ 1 divut + pu ■ X7d™~ 1 &\vu)&\vd] n '- 1 udxdT 


— £ 


— £ 


(Vp • d™ L u t + V(pu) ■ V9™ *u)div9™ i udxdr 


o Jan 


p(u ■ V)n • 9™ Mivudcrdr 


<—£ J ^|<9™ 1 divu(t)| 2 dx + £ j Mivuo^dx + C [1 + P(Q(i))] J A m (T)dr 
+c[i+pm))]£ f ■ ii9r- l div M |i| 1 ||9r- l div U n^r 


< —£ 


: J p|<9™ 1 divM(t)| 2 dx + £ J po\d™ 1 divuo\ 2 dx 

+ C[1 + P(Q(t))] / A m (r)dr + ie 2 [ ||V9™^ 1 divu|| 2 dr. (3.2.37) 

Jo ° Jo 

By similar arguments as in the proof of (13.2.2711 . one gets that 

£ f [ 9 t m_1 Vp • Vdiv9r _1 wdxdr < -e / -!-|Vd t m_1 p| 2 d:r + £ / —|Va m_1 Po| 2 ^ 

Jo J J 2 7 P J 2 7Po 

+ C m+ i[l + P(Q(i))] [ A m (r)dr, (3.2.38) 

Jo 

and by using (13.2.2911 . one can obtain that 

e| J J(C?- 1 +C?- 1 )Vdivd?- 1 udxdT\ < \ £ 2 || V9( 71 _ 1 divu|| 2 dr + C ||Cr _1 || 2 + WC^fdr 


< 


ie 2 / ||V9 t m 1 divu\\ 2 dr + C[1 + P(Q{t))] [ A m (r)dr. 
* Jo Jo 


Substituting (13.2.36H - (I3.2.39I1 into (13.2.3511 proves (13.2.3HI1 . Therefore Lemma 1X71 is proved. 


(3.2.39) 


□ 


Since the estimate in Lemma l3.7l is not enough to obtain the uniform estimate for V<9™ 1 u, so we need 
some new estimates on ||9™ _ 1 divu||. Fortunately, we have the following subtle control about ||9|" _ 1 dmt||: 


Lemma 3.8 Define 

A lm (t) = \\(p,um\\H^+ £ \\Z^p(t)\\l + Y, II^VuWU 2 . 

\f3\<m—2 \(5\<m—2 

Then, for every m > 3, it holds that 

WO™ -1 divu(t)\\ 2 < C 2 {P(A 1 m (i)) + P(Q(i))}. 


(3.2.40) 


(3.2.41) 


Remark 3.9 It should be pointed out that it does not contain the terms ||V<9™ 1 u|| and ||V<9™ p|| in 

the right hand side of (13.2.411) . This estimate allows one to obtain the uniform estimates for || V<9™ - 1 'u|| ■ 

Proof. Applying 9 ™ _1 to (13.1.361) yields that 


9 t m_1 divu = —9™(ln P) - d™~\ Ul d y i hip) - d™~\u ■ NdAnp). 


(3.2.42) 


cT(hip) =dr _1 ( —) = 


m —1 

£# 0-9 

k=0 


, 1 , 

V 


m-fe 

t Pi 


Since 
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it holds that 


m— 1 


L * J 1 A 1 

||ar(lnp)f < CUM 2 + E II^RIll- • \\d?- k p\\ 2 + E ll«r" fc Plli- • ll^(-)H 2 - ( 3 . 2 . 43 ) 


fc=l 


/c—1+[-^] 


Note that for |/3| < [tH and m > 3, it holds that 


E n^p|ii-<c' E \\^^p,2 0 p)h-\\z^h 

w<m i/3i<[fi 


< c 


«™+ E II^VpIl?) < CP(A ltn (t)), 

|/3| <m—2 


where (EH) has been used. Therefore, substituting (13.2.441) into (13.2.431) leads to that 

||ar(lnp)|| 2 <P(Ai m (t)). 

Similar arguments as (13.2.441) and (I3.2.45[) show that 

IIM|^+ E ll^Plli- < ^(AtmW), 

|/3| <m—2 

and 

E ||^«||£- + E ll^«lli- < 

|/3|<m-2 l/3|<[^] 

It follows from (13.2.461) and (13.2.471) that 

[?] 

II dT-\uid y i Inp )|| 2 < E II^Nlli- • ll^" 1 ^ Inpll 2 


(3.2.44) 

(3.2.45) 

(3.2.46) 

(3.2.47) 


fe=o 


m —1 

+ e ii d ?~ k ~ u 

/c=l + [^] 


dyi lnp||^oo ■ ||<9 t w,|| <CP(A lm (t)). 


(3.2.48) 


Additional efforts are needed to bound d™ 1 (u ■ Nd z In p), since it involves <9- In p. First, rewrite this 
term as 

<9 t m-1 (u • Nd z lnp) = ^Lzzd™- 1 In p + d z In p • SR 1 (it ■ N) 


+ E °kdt(u • N ) • d.d?- 1 -* In p. 


k =1 


Hence, by using (13. 2. 461) and (13.2.471) . one has that 

\\d™-\u-Nd z \np)\\ 2 < C||^ 2 ^|||c||lnp||^ m +C||Vp||loe||ar _ 1 «H 2 


?Nllio 


w -i-k { Yl) 


< 


< 


< 


+ CY J \\dt 

fc=i ^ 

m —2 _ 

C 2 (||(Vp,V u )||i. + P(A lm (t))) (P(A lm (t)) + E ll^ fc (^)|| 2 ) 

k= 1 ^ 

m—2 

C 2 (||(Vp,ViOlli- +P(A lm (i))) (p(A lm (t)) + P(A lm (t)) E l|0 t fc (;)ll£~) 
C 2 (|| CVp, Vu)||i» + P(A lm (i))) P(A lm (i)). 


fc=i 


(3.2.49) 


Therefore, (13.2.411) follows from (13.2.421) . (13.2.451) . (13.2.481) and (13.2.491) . which proves Lemma EH □ 
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Lemma 3.10 For every m > 1, it holds that 

f ||Vdr- 1 p(T)|| 2 dr < Ue 2 f ||V 2 ar- 1 w(r)|| 2 dr+ C[1 + P(Q(t))] f A m (r)dr. 
Jo Jo Jo 

Proof. Applying to (13.1.611 yields that 

Vd™~ 1 p = —d^ n ~ 1 (pu t — pu ■ Vti — eV x w + eVdivu). 

Using Proposition 12.21 one obtains (13. 2. 501) . which thus proves lemma [3TT01 


(3.2.50) 


□ 


In general, it is hard to obtain the uniform estimate for the term J Q || V( 9 ™~~divu|| 2 dr since it may 
involve two spacial derivatives in the normal direction. However, divu can be expressed by the variation 
of the density which is expected to have no strong boundary layers. 

Lemma 3.11 For every m > 2, it holds that 

[ \\VZ m - 2 divu(T)\\ 2 dT<C I WVdrM^fdT + C^l + PiQm [ A m (r)dr. (3.2.51) 
Jo Jo Jo 

Proof. Applying V2 Q to (13.1.361) with \a\ < m — 2 gives that 

VZ Q divu = ~VZ Q (ln p) t - A7Z a {uid y i lnp) - VZ Q (it • Nd z In p) (3.2.52) 

It follows from Proposition 12.21 that 

f \\A7Z a (\np) t \\ 2 dT<C f \\'Vd™- 1 p\\ 2 dT + C[1 + P(Q(t))} f A m (r)dr, (3.2.53) 

Jo Jo Jo 


and 


f \\VZ a (u l d y Anp)\\ 2 dT < C[l + P{Q{t))\ f A m (r)dr. 

Jo Jo 

Finally, by using Proposition 12.21 and the hardy inequality (I3.2.24p . one has that 

f \\VZ a (u-Nd z \np)\\ 2 dT < [ ||V• Nd z lnp)||^ m _ 2 dr 
Jo Jo 

< f || V(it ■ N) ■ d z lnp)||^ m _ 2 dr + f ■ Z 3 V\o.p)\\ 2 Hm -^dT 

Jo Jo F\ z ) 

<C[l + P(Q(t))+ sup H^lll.] /‘(A m (r) + \\^f nm _ 2 )dr 

o<r<t ‘Pyz) Jo ' F\ z ) ' 

<C m [ 1 + P(Q(t))] [ A m (r)dr. 

Jo 


(3.2.54) 


(3.2.55) 


Therefore, collecting all the estimates, one obtains (13.2.511) . Thus the proof of Lemma f3. Ill is completed. 

□ 


It follows from (13.2.511) and (13.2.501) that 

<5 f ||VZ m - 2 div M (r)|| 2 + \\S7d™~ 1 p(r)\\ 2 dr + e f \\Vd?- 1 p{r)\\ 2 dr 
Jo Jo 

<CS [ ||V5r _1 PWII 2 dr + C [ e||Va t m_1 p(r)|| 2 dr + C m [l + P(Q(t))] [ A m (r)dr 
Jo Jo Jo 

<C5e 2 f ^d^u^fdT + C[l + P{Q{t))\ f A m {r)dT. 

Jo Jo 


(3.2.56) 
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Substituting (13.2.561) into (13.2.61) yields that 

m —2 m —2 

sup 55 \\( d t^ d t divu )( T )\\m-l-k + £ / 51 ll 5 t fcVdivM ( T )llm-l-fe rfT 

°- T - t fc=0 1 '° fc=0 

<C [ p 0 \Z a divu 0 \ 2 + —\Z a Vp 0 \ 2 dx + CC m+2 {S£ 2 [ ||V 2 d t m ” 1 u(r)|| 2 dT 
J IPo L Jo 

+ £ [ \\V 2 u(r)\\ 2 Hm . 2 dT + C s [l+P(Q(t))] [ P(A m (r))dr}. (3.2.57) 

Then, combining (I3.2.57() with ()3.2.30[) shows that 

sup ^ { 55 ||(9 t fe Vp,a t fe divu)(T)||^_ 1 _ fc +e||(5 t m_1 divu,9 t m_1 Vp)(r)|| 2 | 

/ 55 ||a t fc V div u(r)||^-i_ fc d T + e 2 / ||9™ _1 Vdivu(r)|| 2 dr 

-'° fc =0 ■'° 

CC' m+2 {A m (0)+Cfc 2 ^ ||V 2 9™ _1 u(r)|| 2 dr + e^ ||V 2 u(r)||^ m _ 2 dr 

+ [1 + P(Q(t))] f P(A m (r))dr}. (3.2.58) 


t fc=o 


+ e 


3.3 Normal Derivatives Estimates 

In order to estimate ||Vu||^m-i, it remains to estimate ||x9 n u||-^m-i, where x is compactly supported 
in one of the f lj and with value one in a neighborhood of the boundary. Indeed, it follows from the 
definition of the norm that WxdyiuW^m- 1 < C'||u||-H»n for i = 1,2. So it suffices estimate ||x<9„«||-^m-i. 
Note that 

divu = d n u ■ n + (n<9 y iu)i + ( Hd y 2 u) 2 ■ (3.3.1) 

and 

d n u = [d n u ■ n]n + n(<9 n u) (3.3.2) 

Thus it follows from (13.3.11) and (13.3.21) that 

\\xd n u\\ U m-i < \\xd n u ■ n\\ U m-i + ||xn(5„u)|| H m-i 

< C m |||xdivu|| W m-i + \\x^-{d n u)\\ H m-i + IMI-h-}. 

Thus it suffices to estimate ||xII(9 n 'u)|| W m-i, since ||u||^m and ||x'divu|| W m-i have been estimated in 
subsection 3.1 and subsection 3.2, respectively. We extend the smooth symmetric matrix A in (11761) to be 

A(y,z) = A(y). 

Define 

V — x n + n(Pit)) = x(n(w x n) + n(Pu)^ . (3.3.3) 

The rj defined here, which enable us to avoid the term V 2 p, is slightly different from the one in [161 . Then 
in view of the Navier-slip boundary condition & r) satisfies: 

V\an = 0. (3.3.4) 

Since ui x n = (Vti — (Vu) 4 ) • n, so 77 can be rewritten as 

v = x jll(d n u) - n(V(u • n)) + II((Vn ) 4 • u) + n(Bu)}, (3.3.5) 

which yields immediately that 

||xn(a rl u)|| W m-i < C m+1 (\\ri\\ H m-i + ||u|| W m). (3.3.6) 

Hence, it remains to estimate In fact, one can get the following conormal estimates for r/: 
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Lemma 3.12 For every m > 1, it holds that 


sup ||»y(r)||^ m _i +s f WVriWWHm-idT < C'C m+ 2 (||w(0 )||^ m _ 1 + ||Vu(0)||^ m _ 1 ) 

0 <T<t JO 


+ cc m+2 

Proof. Notice that 


{fe 2 ^ ||V 2 u(r)||^ m _ 1 dT + Cg[l + P(Q(t))\ P(A m (r))dr}. (3.3.7) 


V x ((u • V)rt) = (u • V)w — (u> • V)rt + divu • u>, 
so w satisfies the following equations 

pu>t + p(u • V)w = eA tv + Fi, 

with 

F\ = —Vp XM f -Vpx {u ■ V)rt + p(ui ■ V)u — pdivitw. 
Consequently, the system of p is 

pr) t + puidyir] + pu 2 d y 2 T] + pu ■ Nd z rj — eAp 

= \[Fi x n + n(BF 2 )] + X f 3 + F 4 + exA(II B) ■ u =: F, 

where 

F 2 = eVdivit — Vp, 

2 2 

F 3 = —2e9jW x <9j-n — ecu x An + ^ pn^o; x d y in 
1=1 i=l 

2 2 

+ ^pzqi9j / «(n.B)'u — 2e ^ dj (II.B)djn, 
i=l 1=1 

2 

F 4 = puidyix • (w x n + n(Fu)) + pu ■ Nd z x ■ (w x n + II(.Bm)) 

i=l 

3 

— 2 sdjxdj(uj x n + n(j3n)) — eAy • (w x n + II(.Bm)). 
i=i 

We start with to = 1. Multiplying (13.3.101) by 77 and integrating lead to that 


To handle the right-hand side, one notes that 


and 


(3.3.8) 

(3.3.9) 

(3.3.10) 

(3.3.11) 

(3.3.12) 


(3.3.13) 


sup f p|p| 2 dx + 2e f 11V 77 11 2 cZ-r < / p 0 \r]o\ 2 dx + f ( Fpdxdr. (3.3.14) 

0 <r<tJ Jo J Jo J 


f llx(^i X nJII^-.dr < C m [\ + P{Q{t))]f (||V9r _1 p|| 2 + A m )dr, (3.3.15) 

J ||xn(5F 2 )|| 2 im _ 1 dr<C m+1 {^ A m + ||va t m “ 1 p|| 2 dr + e 2 ^ HxVdivuH^-xdr}, (3.3.16) 

J WxFsWum-^dT < C m+ 2 {e 2 J ||xV 2 u||^ m _idT+ [l + P(Q(t))\ A m (r)dr|, (3.3.17) 

Since all the terms in F 4 are supported away from the boundary, one can estimate all the derivatives by 
the || • ||^m norms. Therefore, it is easy to obtain 

J \\F 4 2 Hm .,dT<C m+ 1 [e 2 J \\x^ 2 A 2 H^dT + C[l + P{Q{t))} j\ m {r)dry (3.3.18) 
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Finally, by integrating by parts, it is easy to obtain that 


[ [ £Z m -\A{IlB)-u)-ZT-^dr^Se f || V 77 H ^-idr + Cm +2 [ A m (r)dr. (3.3.19) 

Jo J Jo Jo 

Consequently, substituting these estimates into (13.3.141) and using the Cauchy inequality, one has that 

sup f p\rf\ 2 dx + 2e [ ||Vr?|| 2 dr < [ p 0 \r]o\ 2 dx +C m+2 \5 f || V5 t m_ 1 p(r)|| 2 dr 
0 <r<tj Jo J ^ Jo 

+ C s [l + P(Q{t))\J A m (r )dr + 5e 2 ||xV 2 u|& m -idr}. 

Thus, (13.3.71) is proved for to = 1 by using Lemma 13.101 

To prove the general case, we assume that (13.3.71) is proved for k < m — 2. Applying Z a to (13.3.101) 
for | a | = to — 1 yields that 


pZ a r H + p{u ■ V)Z a r? - eZ a Ar] = Z a F + + C?, 


with 


(3.3.20) 


(3.3.21) 


C? = -[Z a ,p)rH = J2 Cp^pZ^TH, 

l/3|>l,/5+7 =Q! 

2 

C2 = - J2 J2 Cp^(pu-N)Z^d z r] 

l/3|>l,/3+7=“ i=1 |/3|>l,/3+7=a 

-p(u-N) c f> 9 * zP V, (3-3-22) 

|/3| <m—2 

where Cp and Cp n are functions depending only on z. Multiplying (13.3.201) by Z a p and using (13.3.151) - 
(13.3.191) . one obtains that 

sup [ ^-p\Z a r]\ 2 dx < e [ f Z a ApZ a r]dxdT + f ^-p 0 \Z a p 0 \ 2 dx + [ [ (C 3 + C2)Z a r]dxdT 

0 <r<tJ 2 Jo J J 2 Jo J 

+ C s C m+2 {[l + P(Q(t))]J h-mdr + 5e 2 Wx^Mn^dr + S J UVa^Vll 2 ^}. (3.3.23) 
In the local basis, it holds that 


dj = fijdyi + Pjd y 2 + /3jd z , for j = 1,2,3. 


Therefore, we have the following commutation expansion 

Z a Ap = AZ a p + C ip d zz Z%+ {C 2 pd z Z% + C 3 pZ y Z^ri) . (3.3.24) 

1^1 <m—2 \/3\<m—l 

By using the expansion (13.3.241) and the inequalities before (13.3.201) . one obtains that 

e f f Z a AriZ a r]dxdT = e f f AZ a p ■ Z a pdxdr + e f f Cipd zz Z^r] ■ Z a pdxdT 

Jo J Jo J \p\<m-2 •* 


+ ^2 £ [ [ {c 2 pd z Z ,3 ri + C 3 pZ y Z p r]\z a ridxdT 

\p\< m -i ioJ 

< -\e [ \\S7Z a r]\\ 2 dT + Ce f || Vr;||^ m _ 2 dr + C m+2 e I A m (r)dr. 
4 Jo Jo Jo 


(3.3.25) 


Note that there is no boundary term in the integrating by parts since Z a rj vanishes on the boundary. 
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It remains to estimate terms involving C 3 and Cf. By using Proposition 12.21 it is easy to obtain 

f WCsfdr + J 2 C Pn f \\2^pUi)Z^d yiV \\ 2 dr 

Jo \/3\>i,/3+~t= a Jo 

<C m+2 [l + P{Q(t))\ f A m (r)dr. (3.3.26) 

Jo 


The remaining terms are more involved, since it is desired to obtain an estimate independent of d z r /. 
First, it is easy to obtain that 


E f \\p(u- N)C p d z Z 0 r]\\dT < E I \\p(^-^-)CpZ 3 Z 0 r]\\dT 

|/3|<m-2^° |/3|<m-2 1 ' 0 ^ ' 

< C m+2 [1 + P(Q(t))] j A m (r)dr. (3.3.27) 

Jo 


On the other hand, we notice that for \fi\ > 1, j3 + 7 = a, and |a| = m — 1 

Z^(pu ■ N)Z 1 d z r] = Z^ (pu ■ N) ■ ip{z)Z 1 d z p 

vyz) 




where |/3| + |y| < m — 1, |y| < m — 2 and Cp - is some smooth bounded coefficient. Therefore, by similar 
arguments as (13. 2. 221) . (13.2.231) and using the hardy inequality (13.2.241) , one has that 

E f t \\C^ZP{ / m-N)Z'rd zV \\ 2 dT 5: Cra +1 [1 + P(Q(t))] f A m (r)dT. (3.3.28) 

l/3|>b/3+7=a 0 

Then, it follows from (I3.3.26D - (I3.3.28I) that 


||(C 3 “,C?)|| 2 dT < C m+2 [ 1 + P(Q(t))} f A m (r)dr. 

Jo 


(3.3.29) 


Substituting (13.3.251) and (13.3.291) into (13.3.231) and using Lemma 13.101 we obtain that 


sup f ]-p\Z a r)\ 2 dx + £ [ ||VZ a r?|| 2 dr < C m+2 \ j ]-po\Z a p 0 \ 2 dx + e / ||Vr 7 ||^ m _ 2 dr 
0 <T<tJ 4 J 0 t J l J 0 

+ C[l + P{Q{t))\ J A m (r)dr + fe 2 ^ ||V 2 u||^ m _ 1 dr|. (3.3.30) 

By the induction assumption, one can eliminate the term e f* || Vry||^ m _ 2 (iT. So the proof Lemma 13.121 is 
completed. □ 

It follows from (13.3.1I) - (13.3.6D that 

m—2 

E \\ zPWu \\Hio - Gm + 1 {\\ u \\n^ + WvWnm -1 + E ll^ divu llm-i-/c)> (3.3.31) 


|/3| <m—2 


k—0 


J ||V 2 u||^ m _idr < C m+2 J (||Vu||^ m + ||V7?||^ m _i + ||Vdivu||^ m _i + A m jdr, 

E / ||V 2 9 t fc U ||^_ 1 _ fc dr < C m+2 { / ||Vu|& ra + ||Vr 7 ||^ m -idr 

fc— 0 - 70 Jo 

m—2 „t i>t 

+ E / ll 5 f fcVdivM llm-l-fe dT + / A m dT }> 

7 -n JO JO ^ 


(3.3.32) 


(3.3.33) 
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and 


f \\X 7 2 Z m ~ 2 u\\ 2 dT < C m+1 e [ \\\7 V \\ 2 n m-2dT + C m+1 f A m dr, 
Jo Jo Jo 


(3.3.34) 


where (13. 2. SOL (13. 2. 5111 are used in the estimate of (13. 3. 341) . Then, taking 6 suitably small and using 

Eia . flmnp , (Enm hmsu, (esshd, mi an d omm - nmii) , one h as that 


_i dr 


sup |A lro (r) +11^)11^+ e ||(5r 1 div«,5r 1 Vp)(r)|| 2 }+ £ / ||V/ ? (r) 

o <r<t *- > Jo 

rt nt m 2 «£ 

+e ||Vu(r)||^ m dr + £ / ^ \\d^\7diwu^W^^dr + e 2 / ||5 t m_1 'Vdivu(r)|| 2 fir 
J 0 J 0 ^ q J 0 

^ 2 />£ />£ 

+ e J2 II v2 < 9 M t )II 2 m-i-kdT + £ 2 ||V 2 M(r)||^ m _ 1 dr+ / ||V3 t m_1 p(T)|| 2 dT 

_q J 0 J 0 J 0 

< CC m+2 {A m (0) + [1 + P(Q(t))} J P(A m (r))dr j. 


(3.3.35) 


3.4 L°°-Estimates 

To close the estimates, we need to bound the i°°-norms of u and p. First, one has the following Lemma: 


Lemma 3.13 For every |a| > 0, it holds that 

\\Z a (]np,p,u)(t)\\1oo < CP(A lm (t)), for m>2 + \a\, (3.4.1) 

IIV(lnp,p)(t)H^i.oo < C , 3 ^P(||Ap||^i) + P(Ai m (t))j, form> 5, (3.4.2) 

\\dwu{t)r H ^ < C 3 [P(A lm (t)) + P(||Ap|&i)], for m > 5, (3.4.3) 

||Vd*wu(t)||i. < C 3 P(Q(t)), (3.4.4) 

|| V divu(t)\\ni, «, < Ci[l + P(Q(i))] ■ (c 5 P(A lm (t)) + <5||Ap||^ 2 ), for m> 6, (3.4.5) 

Q{t) < C 3 sup 11|Vu(r)||^i,oo + P(A im (r)) + P(||Ap(r)||^i)|, for m > 5. (3.4.6) 

0 <T<t J 


Proof. The proof of (13.4.11) is a consequence of (12.51) and thus omitted here. In order to prove (13.4.21) . 
one notes that 

da = <9 2 i - d y i(diipd z ) - difd z d y i + (diip) 2 d z , for * = 1,2, 

which implies that 

A = (1 + \\7ip\ 2 )d zz + ^2 (pyi - d y i(diifd z ) - diipd z d y (3.4.7) 
2=1,2 

Since 

IIAlnpH^i < C'|p(||Ap||^ 1 ) +P(Ai m )|,m > 3, 

IIApH^i < C'{P(||Alnp||f il ) + P(Ai m ) j, to > 3, 

< (3.4.8) 
||AlnpH^a < c|||Ap||^ 2 + P(||Alnp||^ 1 ) + P(Ai m )},ra > 4 

J|Ap||^ 2 < c{||Alnp||^ 2 +P(||Alnp||^ 1 ) + P(Ai m )|, m > 4, 
it then follows from (13.4.81) . (12.51) and (13.4.71) that for m > 5 

l|V(lnp,p)|| 2 oo < C(||d*V(lnp,p)|| ff i o + ||V(lnp,p)|| ff iJ ||V(lnp,p)|| H | o 

< C , (||A(lnp,p)||| f i o + ||V(lnp,p)||^ 2 o ) 

< C[||A(lnp,p)|| 2 , 1 + A lm (i)] < C 3 [P(||Ap||^i) + P(Ai m (t))], 
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and 


||iJV(lnp,p)||£ 0 . <C(\\d z ZV(\np,p)\\ + ||i?V(lnp,p)||) \\ZVQnp,p)\\ HSo 
< C[||A(lnp,p)||^ 1 + P(A lm (i))] < C 3 [P(\\Ap\\ 2 nl ) + P(A ltn (i))], 

which proves (13.4.21) . 

By (13.1.361) . (13.4.11) and (13. 4. 2D . it is easy to obtain, for m > 5, that 

l|divw||£~ < C(ll hip*||!~ + IMl!~ ' l|Vlnp|||„) < C 3 (p(A lm (i)) + P(||Ap||^)), 

and 

11-Zdivullia. < C'(||^(ln /9 ) t ||i. + \\Z(u- VlnpJllicc) < C 3 (P(A lTO (i)) + P(||Ap||^)). 

Thus (13. 4. 3D follows. By using (13.1.36D . one obtains (13.4.4D . 

It follows from (13.1.36D . (13.4. ID and (12. 5D that 

||Vdivu||^i,oo < C[1 + P(Q(t))] ■ (ll + l|Vp||^||i||^,eo) 

< C[1 + P(Q(t ))] • (P(A lm (t)) + ||3*V P ||„ 2 P(A lm (i))) 

< C 4 [l + P(Q(t))] ■ (c s P(A lm (t)) + <5||Ap||^ 2 ), form >6, (3.4.9) 

which gives (I3.4.5D . Finally, (13.4.6D is an immediately consequence of (13.4. ID and (13.4.2D . Therefore, 
Lemma T3.131 is proved. □ 


The following lemma is devoted to the estimate of ||Vu(t)||:Li iao . 

Lemma 3.14 For m> 6, it holds that 

IIVu(£)||^i,.o < CC m +2 11|(m 0 ,Vu 0 )ll^i.oo + P(A lm (t)) + P(||Ap(t)||^i) + e 2 t f ||V 2 M ||^ 4 dr 


+ ^y [1 + P(Ai m ) + P{Q)\ ■ [1 + e 2 \\ Ap||^ 2 ]c?t|. 


(3.4.10) 


Proof. Away from the boundary, it follows easily by the classical isotropic Sobolev embedding theorem 
that 

||xZVu|||oo + ||xVu||ioo < C'||u||^ m < Ai m (t), for m > 4, (3.4.11) 

where the support of \ is away from the boundary. Therefore, by using a partition of unity subordinated 
to the covering m, one needs to estimate only ||xjZVu||L°o + ||xjV- u||l°o for j > 1. For notational 
convenience, we shall denote Xj by X- Similar to [TB] , we use the local parametrization in the neighborhood 
of the boundary given by a normal geodesic system in which the Laplacian takes a convenient form. 
Denote 

D 

1%) 


* n (y,z) = 


- zn(y) = x , 


where 


n{y) = 


9ii>{y) \ 
di^{y) I , 


v/1 + |ViMy)| 2 

is the unit outward normal. As before, one can extend n and II in the interior by setting 

n(>F"(y, z)) = n(y), n(’F"(y, z)) = 1%). 


Note that n{y , z) and II(y, z) have different definitions from the ones used before. The advantage of this 
parametrization is that in the associated local basis (d y i , d y 2 , d z ) of R 3 , it holds that d z = d n and 



'S’ n (y,z) 



= 0 . 

'S’ n (y,z) 
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The scalar product on R 3 induces in this coordinate system the Riemannian metric g with the form 

!,(«■!)=( S(V 0 Z) ° 


Therefore, the Laplacian in this coordinate system reads 

A / = d zz f + ^<9*0 \g\)d z f + A s f 

where |g| denotes the determinant of the matrix g , and is defined by 

A*/ = ^= E dv*tf j \9\*d yl f), 

V\9\ ij— 1,2 

which involves only the tangential derivatives and {g lJ } is the inverse matrix to g. 


(3.4.12) 


It follows from (l3.3.1D fn and II in the coordinate system we have just defined) and Lemma T3.131 that 
for m > 5, 


llxVullloc + \\x2S7u\\loo < C 2 (\\xnd n u\\ 2 Lao + \\Z( x IVd n u)\\ 2 Laa + ||xdivu|||^ 

+ Il-Zdivullloo + \\ZZyU\\ 2 L oo + WZyuWlJ} 

< C' 3 {||xn5 Tl u|||oo + \\Z( x Ud n u)f Loa + + P(||Ap||^)}- (3.4.13) 

Consequently, it suffices to estimate | |xllcl n it |||oo + ||Z(xII9„u)||| j o 0 . To this end, it is useful to use the 
vorticity w. Indeed, 


II(u; x n) = n((V« — Vu *) • n) = n(< 9 ra it — V(u • n) + Vn‘ • u). 


Therefore, 

||xn9 n u|||oc + ||Z(xn5„u)|||oc < C 3 {||xn(o; x n)|||oo + \\Z{ x U(u} x n))|||„ + Ai m (i)j, (3.4.14) 
which shows that it suffices to estimate ||xll(u; x and \\Z( X H(uj x n)) |||oo- 

In the support of X , set 

Co{y, z) = w(T"(y, z)), (p, u){y, z ) = (p, u)(V n {y, z)). 

It follows from (13.3.81) and (13.4.121) that 

poj t + pv}d y iCj + pu 2 d y 2 Co + pu ■ nd z oj = e{d zz £j + -cb(ln \g\)d z £j + A y uj) + Fi, (3.4.15) 

and 

pu t + pu l d y iu + pu 2 d y 2 u + pu ■ nd z u = s(d zz u + -9 z (ln \g\)d z u + A y u) + F 2 , (3.4.16) 

here 

Fi(y,z) = Fi{ty n (y, z)), F 2 (y,z ) = F 2 (* n (y,z)), 

where F\ and F 2 are defined in (13.3.91) and (13.3.111) . respectively. Note that we use the same convention 
as before for a vector u , and u° denotes the components of u in the local basis ( d y i,d y 2 ,d z ) just defined 
in this section, whereas Uj denotes its components in the standard basis of R 3 . The vectorial equation of 
(13.4.151) and (13.4.161) have to be understood component by component in the standard basis of R 3 . 
Similar to (13. 3. 51) . one can define 


V(y, z)= X (uxn + n (Bufj , 


(3.4.17) 
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where A is extended into the interior domain by A(y, z) = A(y). Thus, (11.711 implies that 

fj(y, 0) = 0. (3.4.18) 

Due to (13.4.151) and (13.4.161) . fj solves the equations 

pr) t + pu l dyif] + pu 2 d y 2fj + pu ■ nd z fj 

= e(d zz fj + ^ 9 2 (ln \g\)d z fj) + x(Fi x n) + x n (BF 2 ) + F X + xF K: 

with 

F x = (pv}d y i + pu 2 d y 2 + pu ■ nd^jx • (w x n + II (Bu)) 

- z(dzzX + 2 d z xd z + ^<9 2 (ln |g|) • d z x^j • (w x n + IL(Bu)), 

F k = (pvAdyiH + pu 2 d y 2llj ■ (Bu) + ui x (^p^dyin + pu 2 d y 2n' S j 

+ II ((pu l d y i + pu 2 d y 2 + pu ■ nd z )B ■ uj + eAgti x n 
+ eII(.BAgu). 

Note that in the derivation of the source terms above, in particular, F K , which contains all the commu¬ 
tators coming from the fact that n and II are not constant, we have used the fact that in the coordinate 
system just defined, n and II do not depend on the normal variable. Since involves only the tangen¬ 
tial derivatives, and the derivatives of x are compactly supported away from the boundary, the following 


estimates hold for m > 6, 

HxC-Pi x n) |&i,oo < C 2 P(Q(t)), (3.4.19) 

II< C 3 (||HI«i.« • IMI^,~ + e 2 ||u||«3,c») < C 3 {p(Q) + P(A lm )}, (3.4.20) 

WxF K \\ul ,00 < C 4 j||u||^l,oo + ||u||«l,oo||Vu||^l,oo + ||p||^l,oo + £ 2 (||u||^ 3, 0 0 + ||Vu||^ 3 ,oo)| 

< C 4 {p(Q(t)) + P(A lm ) + £ 2 ||V 2 «||^}, (3.4.21) 

and (13.4.51) implies that 

||xn(BP 2 )||^ ltao < C7 3 {e 2 ||Vdi V u||| fl ,» + HVpIl 2 ,^} 

< C 4 [p(Q(t)) + P(A lm (i)) + Ce 2 [ 1 + P(Q(t))\ • HApll^}. (3.4.22) 

Consequently, it follows from (13.4.19D - (13.4.22I) that for m > 6 

||P|&i,~ < C 4 {p(Q(t)) + P(A lm (t)) + £ 2 [1 + P(Q(t))} ■ \\A P \\ 2 H2 + e 2 ||V 2 u||^}, (3.4.23) 

where F = x(Fi x n) + yll (BF 2 ) + F x + xF K . 


In order to eliminate the term i<9 2 (ln \g\)d~fj, one can define 

1 

V = —rrV = IV- 

W 

Note that 

WvW-H 1 -™ < C 3 \\v\\h^, and H^ll^i.oo < C 3 ||f?|| w i,~, 
and fj solves the equations 


PVt + pu 1 dyip + pu 2 d y 2 t] + pu ■ nd z r\ - ed zz g 

= = (P + £<9 22 y -fj+ i£d 2 (ln|#|)<9 2 7 • fj - p(u ■ Vy)^ =: S. 


(3.4.24) 


(3.4.25) 


(3.4.26) 
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It is difficult to obtain the explicit solution formula for (13.4.2611 directly, so one rewrites it as 

p(t, y, 0) fj t + ft 1 (t 1 y , Q)d y ifj + u 2 (f, y, 0 )d y 2 fj + zd z (u ■ n)(t , y, 0 )d z fj - ed zz fj 

= S+ [p(t,y, 0) - p(t,y,z)}fj t + ^2 [(pw 8 )(t, 2 /,°) - {pu l )(t, y, z)]d y ifj 

2 = 1,2 

- p{t,y,z)[{u-n){t,y,z) - zd z {u- n)(t,y,0)\d z fj 
~ [p(t, V, z) - p{t, y, o)] ■ zd z (u ■ n)(t, y, 0)d z fj =: G for z > 0, 
with the boundary condition 0) = 0. By Lemma 17.21 in Appendix, one has that 


(3.4.27) 


m 1 


^ Iholk 1 -” + / Up 1 \\L°°\\G\\ H i,'*,dT 


< 


•Hi.oodr 

dr. 


Ik 


+ / < (i + iir 1 ik-)(i + ii(p )Ul v U )ii^ 1 

Jo 

WfjoWw+C f \\G\\ n ^dr + C [ (l + P(A lm ) + ||ZVu|| 2 , 

Jo Jo 

It remains to estimate the right hand side of (|3.4.28[) . First, by (|3.4.23[> . one has that 
||5||^i.« < C 4 {c s [P(Q(t)) + P(A lm (t))} + e 2 [l + P(Q(i))] • ||Ap|| 

+ [1 + P(Ai m (t))] • ||j?||^i l00 + & 2 ||V 2 u||^ 4 |, for m > 6. 

Next, by the Taylor formula and the fact that fj is compactly supported in z, one can obtain that 

\\\p{t,V,0) ~ p{t,y, z)\fjt\\ui>°° < c \\v\\w’°° +C\\Z\p(t,y,Q) - p(t,y,z)]\\l^ ■ \\fj t \\l~ 

+ ||[p(t, 2 /, 0 ) - p(t,y,z)] ■ ZfjtWlo 
< C\\fj\\h.~ + C\\Z P \\l „ • + C'llVpHioo • Mz)Zfj t \\ 2 Loo . 

By (12.51) . one has the following inequality, for |a| > 0 

\\p(z)Z a fj\\ 2 Lcx , < C(\\V(<p(z)Z a f])\\ H i o + \\ip(z)Z a fj\\ H i o ) \\<p(z)Z a fj\\ H 2 t 
< C\\Z a f)\\ 2 HL . 

Therefore, substituting (13.4.311) with |a| = 2 into (|3.4.30l) shows that 


(3.4.28) 


(3.4.29) 


(3.4.30) 


(3.4.31) 


— || 2 
n 1 


II [p{t,y,0) - p(t, y, z)]vt ll«i,=o < C 4 [l + P(Q(t))] 

< c[\ + P(Q(t))] ■ (||?7||^i,oc + P(A im (t)), for TO >5. 
Similarly, one has that for to > 5 


I HI 


) 


« 1 )(*,J/,0) - (pu 1 )(t,y,2)]5 y ir?||^i, 00 + \\[{pu 2 )(t, yi 0) - {pu 2 ){t, y, z)]d y 2 p\\ 2 il 

< c 4 [i+ pm))} ■ + p(Ai m (t))), 


(3.4.32) 


(3.4.33) 


II \p(t, y, z ) - p(t, y, 0)] • zd z (u ■ n)(t , y, 0)d z rj\\^ i i,„ 

<C'||Vp||^i 1 .||V U ||^i,o=|| V (z)Z3jj||^i,co <c{p(Q(f))+P(A lm (f))}, (3.4.34) 

l|p(*, V, z)[(u ■ n)(t, y , z) - zd z {u ■ n)(t, y, 0)]9 z ^||^i,o» 

< CUpH^i.oc • ||[(u-n)(t,y,z)-z5 z (u-n)(t,?/,0)]5 z 77||^i. oo 

< C 4 ||p||^i,oo (|| Vtz||ioo || j?||«i.= + || Z[(u ■ n){t , y, z) - zd z (u ■ n)(t , y, 0)] ■ d z fj\\ 2 Lao 

+ II [(« • n)(t, y, z) - zd z (u ■ n)(t , y, 0)]Zd z fj\\ 2 L J) 

< C' 4 ||p||^i,o 0 (||Vu||| 00 ||^||^ 1 , 0 o + IIVu||^i,oo||^ 3 f)|||oo + \\d zz (u-n)\\ 2 L ^\\ip 2 {z)Zd z T 1 \\ 2 L J s j 

< Ci[\ + pm)) + ii d zz (u ■ n)\m ■ ( urn+ . (3.4.35) 
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To complete the proof, one needs to dealt with the term ||d i! z({i-n)|| 2 t *> on the right hand side of (13.4.3511 . 
Since that n is independent of z and d z = <9„, it follows from (13.3.111 that 

d zz (u ■ n) = d z (d n u ■ n) = chdivu - d z (J4d y xu)i - d z (JVd y 2 u) 2 ■ (3.4.36) 

Then, this, together with (13.4.361) and (13.4.41) . shows that 

II d zz {u ■ n) ||i,~ < ||9 z divM|| L o= + ||<9 z (IL9 ?/ iu)i||z / ~ + \\d z (ndy2u) 2 \\L°° < C 3 P(Q(t)). (3.4.37) 

Substituting (13.4.3711 into (13.4.3511 yields that 

II p(t, y, z)[(u ■ n){t, y, z ) - zd z (u ■ n)(t , y, 0)]9 z ^||^i,=o 

< C 4 [l + P(Q(t))] • (||? 7 ||^i,=o + P(A im (t))j, for m>5. (3.4.38) 

Combining (13.4.291) . (13.4.32D - (13.4.34I) with (13.4.3811 leads to that for m > 6, 

l|G||^i,oo < C 4 {p(Q(i)) + P(A lm (t)) + e 2 [l + P(Q(i))] ■ \\Ap\\ 2 n2 + e 2 ||V 2 u||^ 4 }. (3.4.39) 

Then, substituting (13.4.391) into (13.4.281) gives that for m > 6, 

II^|Ihu°° ~ ll^o||«i,=o + Cit I [1 + P(A 4m ) + P(Q))dr 

Jo 

+ Cite 2 J ([1 + P(Q(i))] ■ \\Ap\\ 2 n2 + ||V 2 u|| 2 i4 )dT. (3.4.40) 

Then, (13.4.1011 follows from (13.4.401) . (13.4.251) . (13. 4. 141) . (13.4.131) and (13.4.111) . This completes the proof of 
Lemma 13.141 □ 

3.5 Uniform Estimate for A p 

In order to complete the a priori estimates, we still need to estimate A p. Due to (I3.4.8L it suffices to 
estimate A In p. Applying div to (13.1.61) yields that 

—2eAdivu + Ap = — div(pu), with u = ut + (u ■ V)u. 

Substituting (13.1.361) into the above equations leads to that 

3 

2eA(lnp) t + 2 eu • VAlnp + Ap = —2eAu • V In p — 4 e^^dku • VA, In p — div (pit). (3.5.1) 

fc=l 

Lemma 3.15 For m > 6, it holds that 

sup (||Ap(r)||^ 1 +e||Ap(r)||^ 2 ) + /" ||Ap(r)||^ 2 dr 

0<r<t v ' J 0 

< CC' m+2 {p(A7 m (0)) + [1 + P(Q(i))] J P(A7 m (r))dr}, m > 6. (3.5.2) 

Proof. Applying Z a ( |a| < 2) to (13.5.11) gives that 

3 

2eZ a A(h\ p) t + Z a Ap = —2eZ a (Au ■ V In p) — 4e^ Z a (dkU • VA, In p) — Z a d\v{pu) 

k=i 

— 2 eZ a ^ ^ Ui ■ d y i Alnp + u ■ N ■ d z A Inp). 

i=l,2 


(3.5.3) 
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Multiplying (13.5.311 by Z 2 Alnp, one can obtain that 


lh 


Note that 
This implies that 


e||Z“Alnp|| 2 + J J Z a Ap ■ Z a Ain pdxdr < £\\Z a Ain po\ 

— 2 e J J Z a (Au\7 In p)Z a Ain pdxdr — J J Z a (d k u ■ V<9fc in p)Z a Ain pdxdr 

— 2e J J Z a ( Uj ■ d v iA\np + u ■ N ■ d z A lnp^) Z a A in pdxdr 

— J J Z a dlv(pu)Z a A In pdxdr. (3.5.4) 

Ap = "/pAlnp + yVp • Vlnp. (3.5.5) 


J J Z a Ap ■ Z a Ain pdxdr 

>Jp(c 0 ) f \\Z a Ainp\\ 2 dr-C[l + P{Q{t))\ f P(A m ) + ||Alnp||^idr. (3.5.6) 

z Jo Jo 

The terms on the right hand side (13.5.41) can be estimated separately. First, it follows from (ll.llh . (13.2.511) 
and (E3 that for m > 5, 


e 2 f \\Au\\u 2 dT < C[1 + Q(t)] [ P(A m (r))dr. 

Jo Jo 


(3.5.7) 


Thanks to (12.41) . (13.5.71) and Cauchy inequality, one has that 


—2e f ( Z a (AvS/ln p)Z a Ain pdxdr < 5 f \\Z a Alnp\\ 2 dr + C S £ 2 f ||Z a (AuVlnp)|| 2 dr 
Jo J Jo Jo 

<6 [ ||^“Aln j0 || 2 dr + C' 5 e 2 ||A M ||| oo [ ||V lnp\\ 2 n2 dr + C S £ 2 P(Q(t)) [ ||A U ||^ 2 dr 

Jo Jo Jo 

<6 f \\Z a Ainp\\ 2 dr+ Cs[l + P(Q(t))\ f P(A m )dr , 

Jo Jo 


(3.5.8) 


where one has used the following estimate, 

e2 ||Aw|||oo < e 2 ||Vdivu|| 2 oo + ||Vp||i« + ||^ t ||i- + \\pu • VuH 2 . 

<C[l + P(Q(t))\, 

here (13.4.41) has been used. It follows from (12.51) and the Cauchy inequality that for m > 5, 

3 nt 
0 


— 4&y^ / / Z a (dkU ■ A/dkln p)Z a Ain pdxdr 

k=i J ° J 

<5 [ \\Z a Ain p\\ 2 dr + C S £ 2 V] [ \\Z a (d k u ■ V5 fe In p)|| 2 
Jo k= 1 J o 

<<5 f \\Z a Alnp\\ 2 dr + C S £ 2 [l + P{Qm f P(A m (t)) + ||A Inpf^dr 
Jo Jo 

+ Cs£ 2 [ \\Z a Vuf Laa ■ [P(A m (f)) + ||Alnp|| 2 ]dr 
Jo 

<6 [ \\Z a Alnp\\ 2 dr + C S £ 2 [l + P(Qm [ P(A m ) + \\Ainp\\ 2 H2 dr 
Jo Jo 

+ £ 2 / ||V 2 zi||^ 3 d'r + c 5 £ 2 / ||Vu||^4 ■ [|| A In p|| 4 + P(A m )]dr. 
Jo Jo 


(3.5.9) 
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Note that 


div(pu) = pdivitt + p(u ■ V)divu + Vp • it t + V(pu)* ■ Vit 


u ■ N 


pdivut + Vp-Ut + V(pu)* ■ Vu + Y puidyidivu + p —^divu 

z=1^2 VW 


This, together with (12.411 and the hardy inequality (13.2.24L implies that 

f ||div(pu)||^ 2 dr < C m+2 [1 + P(Q(t))] [ P(A m )dr for m > 4, (3.5.10) 

J o Jo 

which yields immediately that 

— J J Z a dlv(pu)Z a A Inpdxdr 

<6 f \\Z a Ainp\\ 2 dr + C s [l + P(Q)} [ P(A m (i))dr. (3.5.11) 

Jo Jo 

Finally, by integrating by parts, one has that for m > 5 

— 2e j Z a ( Y'' m ■ d y i A lnp + u ■ N ■ d z A In p\Z a Ain pdxdr < e 2 f ||V 2 u||^ 3 dT 
Jo \ =1)2 > Jo 

+8 I \\Z a Ainp\\ 2 dr + C S C 2 [1 + P(Q(t))\ f e 2 ||Alnp|& a + P(A m )dr. 

Jo Jo 

(3.5.12) 

Substituting (13.5.611 . (13.5.811 . (13.5.911 . (13.5.1 111 . (13.5.1211 into (13.5.411 and choosing S suitably small, one 
obtains that 

r t rt 


e||Alnp(t)||^ 2 + f WAlnpW^dr < CeWAlnpoW^ + Ce 2 f ||V 2 u||^ 3 dT 
Jo Jo 

+C s C m+2 [l + P(Q(t))} J (e||Alnp|& 2 + ||Alnp|&i + P(A m ))dr. 


(3.5.13) 


On the other hand, it is easy to get that 


|Alnp(t)||^i < ||Alnp(0)||^i + / ||d t Alnp(r)||^idr 


< ||Alnp(0)||^i + / || A In p(r) ||^2 dr. 


(3.5.14) 


Combining (13.5.13H . (13.5.1411 with (I3.3.35L one obtains that 

sup (||Alnp(T)||^i +e||Alnp(r)||^ 2 ) + f ||Alnp(r)||^ 2 dr 
■)<r<t v 'Jo 

CC m+2 {[l + P(Q(m J q (l + £||Alnp || 2 i 2 + ||Alnp||^ 1 +P(A m ))dr 


0 <T<t 
< 


C(||Alnp 0 ||„i +e||Alnp 0 ||^2 + A„ 


m > 6 . 


(3.5.15) 


Therefore, (13.5.211 follows from (13.4.811 . (13.3.3511 and (13.5.1511 . which completes the proof of Lemma 13.151 


3.6 Proof of Theorem 13.11 

Noting the definition of in (13.41) . and using (13.4.611 . (13. 4. 10I1 . (13.3.3511 and (13.5.211 . one has, for 

to > 6, that 

Q(t ) £ sup {||Vu(r)||^i,oo +P(Ai m (r)) +P(||Ap(r)||^i)} 

0<T<t ^ J 

< C m+2 {P(AT m (0)) + P(Mm(t)) ■ J P(M m (r))dr}. 


(3.6.1) 
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In order to close the a priori estimate, one still needs to get the uniform estimates for || V<9™ 1 u||. Due 
to (13.6.11) . (13.3.351) and Lemma [3781 it holds, for m > 6, that 

iivar-y^ii 2 < c m+ 1 {\\u{t)f Hm + ut)\\um -! + iidivdr-yt)ii 2 } 

< c m+2 {p(A lm (t)) + iwt)i&m-i + pm))} 

< C m+2 {P(Afmm + P(A lm (t)) + ll^Wll^m-i +P(M m (t))J P(A7 m (r))dr} 

<C m+a {p(AT m (0)) + P(M m (t))J P(AT m (r))dr}. (3.6.2) 

Then, one obtains from (13. 3. 351) and (13. 5. 2D . (13. 6. ID and (13. 6. 2D that 

Nm(t)+e ||Vu(r)||^_ 1 dT + e ]r / ||V 2 a t fe u(T)||^_ 1 _ fe dr + £ 2 / ||V 2 9 t m “ 1 u(r)|| 2 dr 
J 0 ^_q J 0 J 0 

+ /‘lIVSr-VrJir + IIApWll^dr 

Jo 

<C m+2 {p(V m (0))+P(.V m (f))^ P(AA m (r))dr}. (3.6.3) 

Therefore, m is proved. Furthermore, ED implies that 

|p(x,0)|exp(- [ ||divu(r)|| L =dr) < p(x,t) < \p{x, 0)| exp( 

Jo 

which proves ED- Thus we complete the proof of Theorem 13.11 


||divu(r)|| L oodr), 


4 Proof of Theorem II.ID Uniform Regularity 

Proof of Theorem 11.11 In this section, we shall indicate how to combine our a priori estimates to 
obtain the uniform existence result. Fix m > 6, we consider initial data (pjyug) £ such that 

{ m —2 

IIK>Po)ll«”> + ll Vu ollw— 1 + \\ d t^Po\\m-l-k + ll A PollU 

k =0 

+ ||Vug||U,~ PeWS/dr-VoW 2 + £ ||Apg||U} < Co, (4.1) 

and 

0 < — < Pq < Co, (4-2) 

For such initial data, since we are not aware of a local existence result for ED and ED (or (11 • 7D 1 . we shall 
prove this by using the energy estimates obtained in previous sections and a classical iteration scheme. 
Noting (p§, Uq) £ we can find a sequence of smooth approximate initial data (pg S , u s 0 ’ S ) £ X^™ ap (5 

being a regularization parameter), which have enough space regularity so that the time derivatives at 
the initial time can be defined by Navier-Stokes equations and the boundary compatibility conditions are 
satisfied. We construct approximate solutions, inductively, as follows 
(1) Define u° = u e 0 ’ S , and 

(2) Assume that u k ~ 1 has been defined for k > 1. Let ( p k ,u k ) be the unique solution to the following 
linearized initial boundary value problem: 

{ p\ + div(p k u k ~ 1 ) = 0 in (0, T) x fl, 
p k u k + p k u k ~ l ■ Vu k + Xp k = eA u k + eVdivit^ in (0, T ) x f2, 

(p fc , u k )\ t =o = (pg’ 5 , ug' 5 ), with ^ < pf < |C 0 , 
with boundary conditions ED or ED- 


(4-3) 
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Since p k and u k are decoupled, the existence of global unique smooth solution ( p k ,u k ) of (14.311 with 
0 < p k < oo can be obtained by using classical methods, for example, the same argument of Lemma 3 in 
Cho, Choe and Kim [1] and the standard elliptic regularity results as in Agmon-Douglis-Nirenberg [I], 
An alternative method is to use a similar arguments (modified slightly) in [7] (or [77]) to get the existence 
of smooth solutions to (El. 


Applying the a priori estimates given in Theorem 13.11 and by an induction argument, we obtain a 
uniform time T\ > 0 and constant (^(independent of e and <5), such that it holds for (p fc , u k ), k > 1 that 

M m (p k ,u k m+ fwworvr + wAp^dr+s 

Jo Jo 

^ 2 pt pt 

+eJ2 l|V 2 aM| l.^dr + e 2 ||V 2 ^” l u k \\ 2 dr < C 3 , Vt € [0,Ti], (4.4) 

j =0 •'0 “'o 


and 

^r<p k (x,t)<2C 0 , Vt G [0, Ti], (4.5) 

ZOo 

where Ti and C 3 depend only on Co and I m (0). Based on the above uniform estimates for ( p k ,u k ), by 
the same arguments as section 3 in [4], there exists a uniform time T 2 (< Ti)(independent of e and S) 
such that ( p k ,u k ) converges to a limit (p E ’ S ,u e,s ) as k —> +00 in the following strong sense: 

(p k ,u k ) -> (p E ' S ,u E ’ S ) in L°°(0,T 2 ;T 2 ), and Vu fe -► Vu e ' 6 in L 2 (0,f 2 ,X 2 ). 

It is easy to check (p e ’ 5 ,u e ’ 5 ) is a weak solution to the problem (11.111 . (11.611 with initial data (pq S ,Uq 6 ). 
Then, by virtue of the lower semi-continuity of norms, we deduce from the uniform bounds (14.411 and 
ED that ( p e ’ s ,u £,s ) satisfies the following regularity estimates 


a Up^,u^)(t) + f iivarV-T + 

Jo 

m-2 „ t .t. 

+ £ J2 ll V2 ^ uE ’ a |lm—j—i^T + e 2 / 

4 - 0 Jo Jo 


IIAp^ll^dr + e f ||V?r e ’‘ 5 ||^ m dr 
Jo 

||v 2 cT-V" 5 || 2 dT < C 3 , vt e [ 0 ,t 2 ], 


(4.6) 


and 

^ < P M (M) < 2C 0 , Vt e [0,f 2 ], (4.7) 

ZOo 

Based on the uniform estimates El) and (1X71) for (p e,s ,u e ’ s ), we pass the limit <5 —> 0 to get a strong 
solution ( p E ,u E ) of (11.111 . (11.011 with initial data (pg, u§) satisfying (14.111 by using a strong compactness ar¬ 
guments. It follows from (14.611 that (p E,s , u E,s ) is bounded uniformly in T°°([0, f^j; IT™), while V(p e,<5 , u e ’ 5 ) 
is bounded uniformly in X°°([0, T 2 ]; 7T™ -1 ), and dt(p e,s , u e,s ) is bounded uniformly in X°°([0, T 2 ]; iT™ _1 ). 
Then, one can obtain by the strong compactness argument(see [77]) that ( p e ’ S ,u e,s ) is compact in 
C([0, T 2 ]; 7T™ -1 ). In particular, there exists a sequence S n — > 0+ and ( p E ,u e ) S C([0, T 2 ]; iT™ _1 ) such 
that 

{p E ’ Sn , u E ’ Sn ) —^ (p E , u e ) in C([0,T 2 ];i7™ x ) as S n —> 0+, 

or equivalently 

(p E ’ S «,u E ’ S ")^(p E ,u E ) in C([0,T 2 ];IT™ -1 ) as S n 0 + . (4.8) 

Moreover, applying the lower semi-continuity of norms to the bounds (14.611 and (14.71) . one obtains the 
bounds of (11.191) and (11.201) for ( p E ,u e ). It follows from (11.191) . (11.201) . (14.81) and the anisotropic Sobolev 
inequality (1731) that 

sup Up E ^-p E ,u E ^-u E )\\ 2 Loo 
te[o,T] 

< C sup (||V(p £ ’ 5 " - p e ,u e ’ 5n - u e )\\ H i o • || (p e ’ Sn - p E ,u E ’ Sn - w E )|U c 0 -t 0. (4.9) 

te[o,T] v ' 

Then, it is easy to check that ( p E ,u e ) is a weak solution of the Navier-Stokes system. The uniqueness of 
the solution ( p E ,u E ) is easy since we work on functions with Lipschitz regularity. Therefore, the whole 
family (p E,s , u E ’ 5 ) converges to (p E , u E ). Taking To = T 2 and Ci = C 3 , one completes the proof of Theorem 

m □ 
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5 Proof of Theorem 11.6b Flat Boundary Case 

Due to Theorem o there exists a time T 0 > 0 and C\ > 0 independent of e e (0,1], such that there 

exists a unique solution (p E ,u E ) of (11.111 . (11.141) . (11.211) which is defined on [0,T o ] and satisfies the uniform 

estimates (11.191) and (11.201) . Therefore, it suffices to prove (11.251) . 

In the case of flat boundary, it follows from the boundary conditions (11.211) that 

Mg = 0, u}{ = 0, wf = 0, on T. (5.1) 

Lemma 5.1 Let (ED holds, then the vectors ( u E ■ V)w e and (w E • V)u e are normal to T. 

Proof. It is easy to check that = wf + <9iit§ = 0 and = wf +& 2 U% = 0. Then direct calculations 
yield that ( u e ■ V)w E and ( oj e • V)xx E are normal to T. Thus, the proof of this lemma is completed. □ 

The following formula plays a important role in the proof of uniform bounds for ||^ e ||z.°°(o,T’,jy 2 ) • 
Lemma 5.2 Let ( p E ,u E ) be smooth solution of (11.11) and (11.211) . then it holds that 

pn x (V x V x w E ) = — n x x (pAu e + (p + A )X7 divu E )^J , on T. (5.2) 

Proof. Applying Vx to (ED 2 gives that 

p E ul + p e u E • Vw £ — p E oj E ■ \7u e + p E divu e vj E = — /xeV x V x co E — Vp e x (itf + u e ■ Vu e ). (5.3) 
Since u) E x n = 0 on the boundary, so 

w f £ x n = 0, on T. (5.4) 

It follows from Lemma ED that 

n x ((xx e • V)w £ ) = n x ((w e • V)xx E ) = 0, on T. (5.5) 

Combining (11.211) and (I5.3I) - (15.5I) gives that 

pen x (V x V x w E ) = — n x (Vp E x (xxf + u s ■ Vxi E )), on T. (5.6) 

It follows from 1I1.1IL that 

Vp e 

Vp E x (xx E + u E ■ Vxx E ) =- x lp e u E t + p E u E ■ S7u e ) 

p E 

Vo E V o E 

= -x (—p'(p E Wp E + peAu E + (p + A)eVdivxx E ) = e-x (pAu e + (p + A)Vdiv?x E ). (5.7) 

p E p E 

Then, substituting ED into ED yields ED- Therefore, the proof of this lemma is completed. □ 


Lemma 5.3 It holds that 

||V x w E (t)||| 2 + £ f \\Aio E \\l 2 dr 
Jo 

< C + \\u E 0 \\ 2 H 2 + Cs [ \\V 2 u E \\ 2 dT + Se 2 I ||VV|| 2 dT, 
Jo Jo 


(5.8) 


where C = P(C\) > 0. 
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Proof. Applying V x to (15.311 shows that 


p £ (V x uj e ) t + p E {u E • V)(V x w £ ) 

= — peV x V x V x to e — Vp £ x Wj — [V x, p e u e • V]w £ 


- V 


x (Vp E x ( u\ + u e • Vu e ) — p e co e ■ Vu £ + p £ divu £ w £ j . 


Multiplying (15.91) by V x oj e , one obtains that 

^ J p e |V x uj e \ 2 dx + pe J || V x V x w £ || 2 dr 

= —pe f f (n x (V x V x lo e )) • (V x uj e )dydr 

Jo Jr 

— J J ^Vp e xw f £ +[Vx, p e u e • V]w £ j ■ V x uj E dxdr 
— J J jv x jvp £ x (itf + u e • Vu £ ) — p E uj e ■ Vu £ + p £ divit £ w £ ^ | • V x uj e dxdr. 
First, it follows from uniform estimates of (11.191) . (11.201) and Cauchy inequality that 

J J jv x jvp e x {u\ + u E ■ Vm £ ) — p E uj E • Vu £ + p £ divu £ w £ ^ j ■ V x u> E dxdr 
+ J J jvp e x + [Vx,p £ « E • V]w E ^ • V x uj E dxdr 

< CP( 1 + W,u E ,p E tl u E t )\\ 2 w ^) T || U £ ||^ + ||Ap £ || 2 + IIVpl^ + |b e ||^ o dr 

Jo 

< C + C I ||M £ ||^ 2 dr. 

Jo 

For the boundary term, it follows from Lemma 15.21 that 

pe f f (n x (V x V x w £ )) • (V x oj E )dydr 
Jo Jr 

= e J J jn x ^^ 7 - x (pAu E + (p + A)Vdivu £ )^ j • (V x cu E )dyd 

<Ce [ f \V 2 u e \ 2 dydr < Ce [ ||V 3 m £ ||||VV|| + ||VV|| 2 dr 
Jo Jr Jo 


/0 
f 4 

-2 / llY73„,£||2, 


<5e 2 I \\S7 A u E \\ 2 dT + C s C I ||V 2 u £ || 2 dr. 
Jo Jo 


(5.9) 


(5.10) 


(5.11) 


(5.12) 


Substituting (15.121) and (15.111) into (15.101) and noting that Aw e = —V x V x w E , one proves (15.81) . 
Therefore, the proof of this lemma is completed. □ 


Lemma 5.4 It holds that 


and 


where C = P(C'i) > 0. 


||Vdwu £ || 2 <C< + 00 , 


V 2 dzw £ || 2 <C(l + |b £ ||^ 2 ) 


(5.13) 

(5.14) 


Pt u e 


■ Vp e 


Proof. Since 


divu' 


(5.15) 
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then, it follows from the uniform estimates (11.1911 and (11.201) that 

||Vdivul 2 < CP(\\(pe,u s ,plVu s ,Vp s )\\l~ + ||Vpl 2 hl + ||u|S z V||| 2 ) 
< P{\\(p s ,u E ,p e t ,Vu £ yp E )\\ 2 Loa + IIV^IH.IIV/II^) < P(C 1 ), 

and 


(5.16) 


|| V 2 divu e || 2 < P(1 + \\{p £ ,u £ ,pl VtP, Vp e )|| 2 TC ) • (IIApl 2 ,! + U^l&s + + ||u^V || 2 ) 

< P(Cr)(l + ||u £ ||^ 2 + ||Vu!|||o.||Ap £ ||^i ) < P(C' 1 )(1 + ||u E || 2 ff2 ) (5.17) 


where one has used « 3 |r =0 in (15.161) and (15.171) . Thus, (15.131) and (15.141) are proved. Therefore, the 
proof of this lemma is completed. □ 


Proof of (11.251) : It follows from (11.191) that ||Vu e || ff i o and ||ii E ||# 2 o are bounded uniformly. Note 
that Au E = —V x w E + Vdivu E , one obtains that 


IKH 2 ff2 < C(||V X o /|| 2 + ||Vdm/|| 2 + ||u e || 2 H?o + IIVul 2 m J 
<C( l + ||Vxa; E || 2 ), 


(5.18) 


where one has used (15.131) and the uniform estimate (jl. 191) in the last inequality. On the other hand, it 
follows from CU that 

\\u e \\ 2 H3 < C (j|w e ||^ 2 + ||divu E ||^ 2 + IKIH 2 + | u e ■ n|S) 

C (j|<9?u/|| 2 2 + ||9 2 divu e || 2 2 + ||V 2 M e ||^i o + \\Vu e \\ 2 H 2 o + ||u e ||hj d ) 

C ^||Ao ; £ |||2 + ||5 2 divu E ||| 2 + ||V 2 u E ||^i o + ||Vu e ||# 2 o + ll^lli/sj 


< 

< 


<c(l + ||Aw E ||| 2 + ||VV " 2 


HL ’ 


(5.19) 


where (15.141) and the uniform estimate (11.191) have been used in the last inequality. 
Therefore, combining (15.81) . (15.181) and (15.191) . one obtains that 

IKH^+e f\\u £ t H3 dr 

Jo 

< C + \\u e 0 \\ 2 H 2 + Se f \\u e \\ 2 H3 dT + e f \\V 2 u e \\ 2 H i dr + C s [ ||V 2 u E || 2 dr. 
Jo Jo °° Jo 

Taking <5 suitably small and using the uniform estimate (11.191) . one has that 

\\u e \\ 2 H 2 +£ f \\u £ \\ 2 H3 dr<C + \\ul\\ 2 H ,+C f \\V 2 u £ \\ 2 dr, 

Jo Jo 

Then, it follows from Gronwall inequality that 

IKII^ + S f \\u £ \\ 2 m dr < exp(C 1 )(l + \\u £ 0 \\ 2 H2 ), 

Jo 

which proves (11.251) . Therefore, the proof of Theorem 1 1.61 is completed. 


(5.20) 

□ 


6 Proof of Theorem 11.8b Inviscid Limit 

In this section, we study the vanishing viscosity limit of viscous solutions to the inviscid one with a rate 
of convergence. It is well known that the solution ( p,u)(t ) £ H 3 of Euler system (11.31) . (11.41) with initial 
data (po,uo) satisfies 

3 


T ll(P> u )llc fc (0,Ti;ff3- fc ) < C 4 , 


k—0 


1 

2CV 


< p e < 2 C 0 


( 6 . 1 ) 
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where C 4 depends only on ||(p 0 , uo)\\h 3 - On the other hand, it follows from Theorem [TTT] that the solution 
( p e ,u e ){t ) of Navier-Stokes system (11.111 . (11.61) with initial data (po^o) satisfies 

\\ip(p%u E )(t)\\x k <C U -i- < p e {t) < 2C 0 , V t e [0,To], (6.2) 

where To, Co, and C\ are defined in Theorem 11.11 In particular, this uniform regularity implies the 
following bound 

Wip^u^Ww^ + \\d t (p E ,u E )\\ L - < Ci, (6.3) 

which plays an important role in the proof of Theorem II. 81 Based on these uniform estimates, using the 
strong compactness argument as m, one can prove that 

(p s ,u e ) — >• (p,u), as £ —> 0, in L°°. (6.4) 

For the flat case, Theorem 11.61 and lower semi-continuity of norm imply that 

\\ u \\ 2 h 2 ^ exp(Ci)(l + IKH^a), (6.5) 

which yields immediately that, for the flat case, the solution (p, u) of Euler system satisfies an additional 
boundary condition, i.e. 


n x uj = 0, on T. (6.6) 

In general, it is impossible for the solution of the Euler system to satisfy (16.611 . The observation of (16.611 
will enable us to obtain better convergence rate for the flat case than the general case. For later use, we 
extend smoothly the normal n to Cl. In particular, for the flat case, we extend the normal n such that it 
is constant vector in the vicinity of T. 

Define 


(jf = p e — p, % 1 > S = u s — u. 


It then follows from m and OD that 
(</>t + pdm/> £ + u ■ S7cj) e = R \, 

1 pipf + pu ■ \7ip e + V (p e — p) + 4> £ = —/reV x (V x ip e ) + (2 p + A)eVdiv^ £ + 

where 

j R\ = —</> £ div^> £ — ^i £ V<)> £ — </> £ di vu — V pf ) e , 

|l ?2 = — — <(> E u t + peA u + (p + A)eVdivu, 

and 

<f> £ = (p e u e — pu) ■ Vu e = ( p e u e — pu) ■ \7ip e + ( p £ u £ — pu) ■ Vu. 

The boundary conditions to (16.811 are 

if> e ■ n = 0, n x (V x %jf) = [B%j) £ ] T + [Bu\ T — n x oj, on dil. 

In particular, in the flat case, it follows from (11.211) and (16.61) that 

f> £ ■ n = 0, n x (V x ip £ ) = 0, on T. 


Lemma 6.1 It holds that 


\W,rm\ 2 +e fwf^dT 

Jo 


< 


Ce?, general case, 
Ce 2 , flat case, 


t G [0,T 2 ] 


(6.7) 

( 6 . 8 ) 

(6.9) 

( 6 . 10 ) 

( 6 . 11 ) 

( 6 . 12 ) 

(6.13) 


where Ti = min{To,Ti}, C > 0 depend only on Cq,Ci and C 4 . 
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Proof: Multiplying (16.811 2 by tp e , one obtains that 

~T I \pW\ 2 dx+ I & E -ip e dx + I \7 (p E — p) ■ if> e dx 
dt Jft 2 Jq Jq 

= — pe / V x (V x ip E ) ■ %jj e dx + (2 p + \)e / Vdivi/> £ • i^ E dx + I R%- i) e dx. 

J£1 J £2 J £2 

It is easy to check that 


<I> e • ijj E dx 


f (( p e u e — pu) ■ S7)u E ■ tp e dx 
Jn 


and 


/ V(p e — p) ■ %li e dx = — / (p E — p)d\v%j) e dx 
J Q JQ 

> f -p' (p)4> e [<j)l + u ■ S7(jf — R\]dx — C(1 + ||Vm £ ||z/*>)||0 £ || 2 
Jn P 

W\ 2 dx - C( 1 + \\{ Pl u )P e ,u e )\\ w ^)U e \\ 2 

w\ 2 dx-c\m\ 2 . 


> — 


d_ f PMu^ 
dt J n 2 P 

d f P'(P)\xe , 2 , 


dt J Q 2 P 

Next, (16.1111 implies that 

—pe / V x (V x r ij) e ) ■ ip e dx = —pe / |V x i/j e \ 2 dx — pe n x (V x ip £ ) ■ ip e dx 
Jn Jn Jan 

< —/xer||V x ip E \\ 2 + Ce f [Bij) E + Bu — n x w] ■ ip E dx 

Jan 

< -M^IIV x V> E || 2 + Ce (\r\l^an) + IV^Il^sq)) . 

For the flat case, it follows from (16.121) that 

—pe / V x (V x ip E ) ■ ip e dx 
Jn 

= —pe / |V x ip E \ 2 dx — pe / n x (V x tjj E ) ■ ip E dx = — pe\\W x ^> e || 2 . 
dn dr 

It is easy to obtain that 

e I Vcliv?/> £ • tjj E dx = —e||div^ £ || 2 , 

Jn 

and 


f i?2 ‘ V ,£ dx 
Jn 


<C\\(d> E ,r)\\h+Ce 2 . 


Collecting all the above estimates, one gets that 


d (l 


P'{P) 


£ II 2 


Jt\2 In ^ + P mdx ) + ^ V X ^ E|1 + ^ + A ) e H div ^H 


< 


C||(^ e ,' ! / ,£ )ll|2 +Ce 2 + Ce (\ip E \ 2 L 2 + W\l =), general case, 


C||((/) e ,V ’ £ )|| 2 2 + Ce 2 , flat case. 
It follows from EH) that 


( 6 . 14 ) 


<C{l + \\(p E ,u E yu E )\\ L ~)\\{<j> E ,r)\\h, ( 6 - 15 ) 


( 6 . 16 ) 


( 6 . 17 ) 


( 6 . 18 ) 


( 6 . 19 ) 


( 6 . 20 ) 


( 6 . 21 ) 


m\m<ci(\\vxr \\ 2 + \\divr\\ 2 + \\r\\ 2 )- 


( 6 . 22 ) 
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The trace theorem yields that 
and 


mb<mrr+c s \m\. 


(6.23) 

(6.24) 


eWW < fclIVV'l 2 + C s e\\rp < Se\\Vr\\ 2 + \\r\\ 2 + Css*. 

Substituting (I6.22l) - (16.24l) into (16.211) and taking <5 suitably small, one gets that 

C\\((p E , iP £ )\\l 2 + Cei, general case. 

C\\((/) e , i/j s )\\ 2 L 2 + Ce 2 , flat case. 

Then, (16.131) follows from the Gronwall inequality. Therefore, the proof of Lemma ltI~T1 is completed. □ 
Lemma 6.2 It holds that 


J t PW\ 2 + ^y-W\ 2 dx^j + cqeW^Wh 


m < 


(6.25) 


\\{diwp e y{p £ - p)){t)\\ 2 L2 + (2/r + A)e / \\S7 diwp £ (r )||| 2 dr 

Jo 

8 /o ll#l| 2 ^ r + Cs fo Wifi 6 ^OWmdT + Cse^, general case , 

< < t£[0,T 2 ], 


(6.26) 


8 f 0 ||^f |\ 2 dr + Cs f 0 \\((p E ,ip £ )\\ 2 H1 dr + C S £^, flat case , 
where 8 > 0 will be chosen later. 

Proof: Multiplying (I6.8IL by Vdm/> £ , one obtains that 

/ « + pu ■ vr) ■ Vciiv^dx + / V(p- - P) ■ VdivV>-dx (6.27) 

= —/re J V x (V x ip £ ) • X7divip e dx + (2/r + A)e||Vdm/( £ || 2 + J R e 2 ■ Vdi vip e dx — J d> £ • S7d\\ip £ dx. 

First, it follows from (13.4.41) and (11.191) that 

||Vdivu e ||Loo + ||Vdivu e || i 2 < C < oo, (6.28) 

where C > 0 depends only on C\. Integrating by parts and using Holder inequality, one has that 

/ W { + ■ vr) ■ Vd,v*-dx < - / Wiv« + ^ ■ Vdivr) divert 

+ | f (S7pipt + \7(piiY^/ip £ ) d\vip £ dx\ + \ j p(u ■ X7)ip e ■ ndiv(p E dcr\ 

J Jo n 


<~j f|div^| 2 dx + «|| 2 + ^||V^|| 2 + 


id n 


p(u • 'V)nip e divip £ dx 


< 


-^ / §\divip £ \ 2 dx + 8\\ipf || 2 + Csll V?A £ || 2 + C\ip £ \ L 2 {dQ) , general case, 
— 4 / § Idiv^pdx + <5||^|| 2 + C 5 ||V^|| 2 , flat case, 


(6.29) 


and 


d> £ ■ Vdi vip E dx 


J [( p e u e — pu) ■ X7ip £ + (p e u £ — pu) • W v\V d\\ip e dx 


< C(l + \\(p £ ,u e )\\ w x,y\\((p e ,ip e )f Hl + [ ((p £ u £ - pu) -Vu) -ndwip £ da 

Jan 

<C{l + Up £ ,u E )\\ w i.y\\{(p s ,ip E )\\ 2 H i + f ((p £ u E - pu)-\7n) ■ udivip E dcr 

Jan 

C(l+ ||(p £ ,u £ )|| H 7i,o 0 ) (||(</> E ,4 £ )llffi + K0 E ,^ £ )U 2 (a Q)) , general case, 


< 


C { 1 + ||(p £ ,u £ )||u/U‘»)||(<(> £ ,'0 £ )ll^i, flat case. 


(6.30) 
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where one has used that Vn is a zero matrix in the vicinity of T for the flat case. 
Rewrite (16.81) x as 

( p E — p) t + u ■ V (p £ — p) + 7 p(p e )div , i/’ e = — ip s ■ X7p — 7 (p e — p)divu, 
which implies immediately 

X7dwif> s =-— V(p £ — p)t + (u e ■ V)V(p e — p) + yV/Fdm /’ 5 

7 P e L 

+ Vu e V(p e — p) + V(z/> £ • Vp) + 7 V((p E — p)divu) 

Using (16.521) . one obtains that 

j S7(p e —p) ■ S7d\v^ E dx 


<- [ -4v(p £ -p)[v(p £ -p)z + (u e -V)V(p E -p) 
J IP L 

+ C(1 + ||«^)|| lvl »)||(^-p,^)|| 2 ff i 

<-- 
— f it 


dx 


■ J ;^|V(p E -p)| 2 cfa; + C 0 + ll(w e ,p e )||iyi~)||(p e 

It follows from the integrating by parts that 

e / V x (V x ■0 £ ) • Vdivi/) £ da: = e / n x (V x i/j e ) ■ Vdi wip e da 
J Jan 

[ (Bi/j s + Bu — n x w) • II(Vdiv^ e )<i<7 < C'e 1 -f- i) |div^ E | 

Jan v 


= £ 


H 2 


< C'e||div^ E || H i(l + < fc||Vdiv^ £ || 2 + C 5 e(l + ||^ £ ||^i). 

For the flat case, it follows from (16.121) that 

e J V x (V x i/> E ) ■ Vdi vi/j e dx = e J n x (V x ip £ ) ■ S7dbnp e dy 
For the term involving R? 2 . It follows from (16.281) and integrating by parts that 


= 0. 


R^Vdiv^dx 


<C(l + ||Vdivu e ||io 


: || + ll(0 £ ,^)l| 2 


mi 


+ e\\u\\ H 3\\ip e \\ H i 


/ (/zeAu + (p + A)eVdivw) • ndivip E da 
Jan 


i an 

< d Wtf + Cs[U(/) e ,i/j s )\\ 2 h i +£ 2 ] +C'e||u|| ff 3||divz/) £ ||^ 1 ||divV’ £ ||| 2 
1 


(6.31) 


(6.32) 


(6.33) 


(6.34) 


(6.35) 


(6.36) 


<g(2 / z + A) e ||Vdiv^|| 2 + «|| 2 +Q[||(^,V> £ )||l, 1 +^]. 

It follows from the trace theorem that 

< m,r)\\m + m,r)\\l z +^- ( 6 . 37 ) 

Collecting all the above estimates, we obtain (16.261) . Thus, the proof of Lemma R7~?l is completed. □ 
Lemma 6.3 It holds that 

IIV x rf+e r ||(V x r)(r)\\ 2 Hl dT < 5\\ V(0 E ,^)\\m 
Jo 

pt pt 

+ C5 / H^fll 2 + e||V 2 ?/> e || 2 dr + Cs / ||(0 e , ^ e )\\%idr + Cse *, general case, (6.38) 

Jo Jo 
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and 


IV x 


r\\ 2 +e[ \\(Vxr)(r)\\ 2 m dr 
Jo 

pt pt 

<C5 W'lptW 2 + e\\S/ 2f ij) £ \\ 2 dT + Cs / ||(0 £ ,'0 £ )||^ 1 dr + Cse^i flat case, (6.39) 

Jo Jo 

where S > 0 will be chosen later. 

Proof: Multiplying (I6.8IL by V x (V x ip E ), one obtains that 

J p e tpiy x (V x %!) e )dx + j V(p E — p) ■ V x (V x ip £ )dx 
= —pe ||V x (V x ij) e )\\ 2 + (2p + A)e J V x (V x ip s ) ■ Vdivip £ dx 

+ J <I E V x (V x ip £ )dx + J RIV x (V x ip e )dx , (6.40) 

where one has rewritten m 2 anc ^ 

R% = -(j) e ut + peAu + (p + A)eVdivu and l> E = p £ u £ ■ V?/> E + ( p £ u £ — pu) • Vu. 

Note that the second term on the right hand side of (16.4011 has been estimated in (16.3411 and (16.3511 . It 
remains to estimate the other terms of (16.401) . First, it follows from integrating by parts that 


J p e iplV x (V x 'ij) e )dx 


p E (V x i/j £ ) t + Vp e x '■ (V x ip £ )dx + / p £ i\) £ t ■ (n x (V x ij: £ ))da 


dn 


> 4 [ \p e \(y x ^ £ )\ 2 dx + [ P £ ^t[ B ^ s + Bu-nx u)]da - <5||^ t E || 2 - C s \\i/) e \\ 2 H i 

d J 

> |(V x ^ E )| 2 dx + J ^ p £ ip E Bip £ + p e ^ £ {Bu — nx oj)do^j 

-m\\ 2 -cs{\m 2 m + m 2 L i + mL*) 

> -^ |V x il) e \ 2 dx + y ^p E ip e Bi\) £ + p £ ip £ (Bu — nx w)dcJj 

-8\m 2 -cs{w\\ 2 ^ + m^)- 

For the flat case, it follows from (16.121) that 
y p 6 ^^ x (V x i/j e )dx 

= f p £ (\7 x ip £ ) t + Vp E x ip £ • (V x tl> £ )dx + f p £ il>t • (n x (V x ip E ))dcr 

J L ' J Jqq 

> j t (y \y\v x r\ 2 dx^ 5\m 2 - c s \m 2 m . 

Integrating along the boundary, one has that 

/ V(p e — p) ■ V x (V x ip e )dx = j V(p E -p)-(nx(Vx i/j £ ))dc 
J Jon 


(6.41) 


(6.42) 


'<9Q 


II(V(p E — p)) ■ [Bt/) £ + Bu — nx uj\dx 


< C 


\p e -p\ H i\i/j E \ H i + \p £ -p\ L * 


< C \\\p £ -p\\ 2 h i + W\\ 2 m + I P e -p\l*\ • 
For the flat case, it follows from (16.121) that 


(6.43) 


/ V(p £ — p) ■ V x (V x ip e )dx = / V (p £ — p) ■ n x (V x tjj s )dc 

J Jan 


= 0. 


(6.44) 
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For the term involving R 2 , integrating by parts leads to that 
i? 2 V x (V x ip e )dx 


<qi(^ £ )ll*i 


+ C£\\u\\ h 44 ’ e \\ H i + Ce\\u\\ H 3 \V x il ) e \ L 2 


+Cs {e-* + \m \ 2 H 0 


[ (jfu t ■ (n x (V x V> £ )) 

Jon 

< C\\((/) s ,tp s )\\ 2 H i + fe||V(V x ip e )\\ 2 + [ 4> e u t ■ [Bip e + Bu - n x w] 

Jon 

< ^l|V x (V x V> £ )|| 2 + C S {\W,^ e )\\ 2 m + +e^) • 

For the flat case, it follows from (16.4211 that 

R 2 S7 x (V x ifj s )dx 


(6.45) 


<C'||(0 £ ,^ £ )|| 


£ „/,£^||2 
H 1 


[ (j) e u t • (n x (V x %l) e )) 
Jo n 


+ CE\\u\\ H 3 \\ip e \\ H i + Ce\\u\\ H3 \N x ip e \ L 2 


< fellV x (V x V’ £ )H 2 + Q (\W,rWm+^) ■ 


(6.46) 


For the term involving <F e , we will follow the ideas in [26]. Indeed, it follows from the integrating by 
parts that 


J l> e V x (V x tli e )dx 


< 


V x l> £ • (V x i/; e )dx 


<b e (Bij) e ) T dc t 


ion 


/an 


$ e [(Bu) T — n x uj]dc 


= N + BN + BNL. 


Noting 


/ c> 2 a ■ V &3 — 83 a • Vfe 
V x ((a • V) 6 ) = (a • V)(V x b) + d 3 a ■ V&i - d ia ■ Vb 3 

\ d\a ■ Vfe — 8 ia • V&i 

= (a • V)(V x b) + {Na) ± • V 6 , 


which implies that 


V x $ e = p E u e ■ V(V x ip e ) + (V(p e -u E ))“ L • VV> £ + (p e it e — pw) • Vw 
+ (V(p e it e — pit)) -1 • Vw. 

Integrating by parts and using Cauchy inequality, one has that 

N<c(i + \\( P E ,u E )\\i v ^)\M,r)\\ 2 H 3. 


(6.47) 


(6.48) 


(6.49) 


(6.50) 


For the term BN , it holds that 


BN = 


id n 


<$> e (Bi/> e ) T da 


an 


n x $ e • [n x (B'!/' e ) T ]c?cr 


/an 


n x $ e • [n x (73'0 E )]d(T 


V x • [n x (B'0 e )]da: — / i> £ -V x [nx (7?V’ e )]fe 


(6.51) 
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It follows from the Cauchy inequality, integrating by parts and (16.491) that 
V x • [n x (Bip e )]dx 


< 


J p e {u e ■ V)(V x ij} e ) ■ [n x {Bip e )]dx 


c(i + \\(f,un\\ 2 W i,~)m,rwm 


<c(i + \\(p^unr w ^)\M,rWm, 


and 


$ E ■ V x [n x (Bip s )\dx 


<C(l + ||(p e J u e )||^ 1 ..)||(^ > V> c )||^. 


Substituting (16.521) and (16.531) into (16.511) . one obtains that 

BN = C(l + \\^,u s )\\ 2 w ^)\M,r)\\ 2 m- 


(6.52) 


(6.53) 


(6.54) 


Finally, we estimate the leading order term BNL on the boundary. Since the boundary layer may 
appear, in general, the term ( Bu) T — n x u> is not zero. 


BNL = 


Jon 


— n x ui\dcr 


<c(i + \\( P c,unr w ^)M,r)\ L 2 + 


/ pu ■ Vip £ [(Bu) T — n x u}]da 

Jd n 


In order to estimate the last term in (16.551) . we note that 

u • Vt/> £ = uid y it/j e + U 2 d y 2 ijj e , x € dfl. 
It follows from (16.561) and integrating by parts along the boundary that 


(6.55) 


(6.56) 


/ pu ■ Vip e [(Bu) T — n x uj]da 

Jan 


< C\%l > e \ L 2 ■ | pu((Bu) T - nxu)| fl i < C\ip e \ L 2 . (6.57) 


Therefore, substituting (16.571) into (16.551) . one gets that 

BNL < C{ 1 + \\{p e ,u s )\\ 2 w ^)M,r)\ L *- 
Substituting (16. SOL (I6.54L (16.581) into (16.47L one obtains that 


<l £ • V x (V x ifj e )dx 
For the flat case, it follows from (16.121) that 


<C[\\(f,rWm + W,r)\Li]. 


(6.58) 


(6.59) 


• (n x V x ip e )d<j 


< 


$ E V x (V x ^ e )dx = jVx$ £ .(Vx tp e )dx 
V x $ £ ■ (V x ip e )dx <C\M,r)\\ 2 H i, 

where the last inequality follows from (16.SOL 

Combining (I6.40L(I6.46L (I6.59L (16.601) and (16.34L(16.35L we obtain that 

|V x i[} e \ 2 dx + j ^p e t/j E B'tp 6 + p e ifj e (Bu — n x w)dcr^ + ^pe \\V x (V x t/j' 


(6.60) 


d_ 

dt 


e \ ||2 


< C8\\ip £ t \\ 2 + Cfe||V 2 ^ e || 2 + C s (||(<(> e ,V ,£ )||ffi +£• = ), general case, 


(6.61) 
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and 


1 


<nii2 


j t (j ^P e |V x ^ e | dxj + -/xe-||V x (V x VO II 
< CJH^II 2 + C'<5e||V 2 'i/’ £ || 2 + C 5 [\\{4> e ^ e )\\ 2 H i + £^ , flat case, 

where we have used 

w,r)\ L * < ikvovoiiIi • ikvovoii* ^iiv^^f+c^*, 

J 0/0 VO I l* < II (VO VO Hi? 1 • II (VO VO II < <5||V(^ £ ,V' e )|| 2 + C 5 ei, 

which are consequences of the trace theorem and (16.131) . It follows from (12.211 that 


(6.62) 


(6.63) 


||V x ^ 


< 


< 


Ci(||V x (V x VOII 2 + ||V x ip e \\ 2 + |-BV’ £ | 2 i + | {Bu) t — n x w| 2 i), general case 


Ihi < <0 (||V x (V x V’ e )l| 2 + l|div(V x VOf + ||V x V> £ || 2 + |nx(Vx VOI* 4 ) 


H 2 


H 2 


k Ci(||V x (V x ip s )\\ 2 + IIV x ^|| 2 ), flat case 
Ci(||V x (V x V’ £ )H 2 + HVOIjji + C'). general case, 


(6.64) 


^Ci(||V x (V x V’ £ )|| 2 + HVOIjji)* fl at case. 

Substituting (16.641) into (16.611) yields that 

^ ^ J ^p E |V x ijf\ 2 dx + J ^p E ip E Bip E + p E ip E (Bu - nx u))da^j + c 0 e||V x ip E \\ 2 H i 
< CSWtpt || 2 + C'<5e||V 2 V’ £ || 2 + Cs (||(VOVOIIffi + £*) , general case, (6.65) 

and 


\ pe \ W x ^ e ? dx ) + c 0 e|| V x ip E \\% 1 


< <27*511-0* 11 2 + Cfe||V 2 VO| 2 + Cs (||(VO VOIIj? 1 +e^ , flat case. 


( 6 . 66 ) 


(6.67) 


Integrating (16.651) and (16.661) over [0, f] and using (16.631) . one gets (16.381) and (16.391) . respectively. There¬ 
fore, the proof of Lemma I7TTTT1 is completed. □ 

Proof of Theorem 11.81 It follows from m that 

IIVOI^ < c (||V x + lldiv^ll 2 + ll^ll 2 + r • n\ Hi ) 

<c(\\vxr\\ 2 + \\divr\\ 2 + \m\ 2 ), 

and 

HVOlfr* < C (||V X %l) e f m + ||divV> e ||ffi + Wfm + IV E 
< C (II V x V’lffi + lldiv^llffi + HVOIffO ■ 

While (I6.8D 2 implies that 

IIVOll* < C(||(0 £ ,V’ e )||| 2 +e 2 ||VV||£ a +S 2 ) . 


n 3 


( 6 . 68 ) 


(6.69) 


Then, collecting (16.691) . (16.381) - (16.391) . (16.67l) - (16.68l) . (16.261) . (16.131) and choosing 5 suitably small, one 
obtains that 


m-,v -rtf + . r mmur < | c/ f " v(p ‘~ p ' r)rdT+Ce \' ge “"‘ case ’ 

C f 0 || V(p e — p, ip e )\\ 2 dT + Ces, flat case, 
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where one has used 


\m\ 2 m<V-p\\ 2 m <\m\ 2 m- 
live r,p £ -p)f+e fw{r)f H , 

Jo 


The Gronwall’s inequality yields immediately that 


dr < 


Ce?, general case, 
Ce 5, flat case. 


(6.70) 


Then, (16.1511 and (16.701) imply (11.27l) - (11.28l) and (ll.30ll - lll.31ll . On the other hand, (11.2911 and (11.3211 are 
immediately consequences of (11.271) . (11.301) and (16. 1 II - (16.31) . Thus, the proof of Theorem [LS] is completed. 
□ 


7 Appendix 

Let S(t,r) be the C° evolution operator generated by the following equation 

[d t h + b 1 (t 1 y)d y ih + b 2 (t, y)d y 2 h + zb 3 (t, y)d z h\ -edit, y)d zz h = 0, z > 0, t > r, (7.1) 

with the boundary condition h(t,y, 0) = 0 and with the initial condition /i(t, y, z) = ho(y,z). The 
coefficients are smooth and satisfies 

C 3 < d(t, y) < —, and \bi\ < c 4 , i = 1, 2, 3 (7.2) 

C3 

for some positive constant C 3 > 0 and C 4 > 0. 

Then we have the following estimates which are generalizations of Lemma 15 in 1 1 6 1 . 

Lemma 7.1 It holds that, for t > r > 0 

\\S(t,r)h 0 \\ L ~ (7-3) 

II zd z S(t,T)h 0 \\ L ~ < C(\\h 0 \\ L aa + \\zd z h 0 \\ L ™),, (7.4) 

where C > 0 is a uniform constant independent of the bounds for d(t, y) and bj(t, y), j = 1, 2, 3. 

Proof. Set h(t,y,z) = S(t,r)ho. Then h solves the equation (17.11) . We first transform the half-plane 
problem into a problem in the whole space. Define h as 

M*, V , z) = h(t , y, z ), for z > 0, hit , y , z) = -h{t, y , -z), for z < 0. (7.5) 

Then h solves 


[d t h + b 1 it,y)d y ih + b 2 (t,y)d v 2 h + zb 3 (t, y)d z h\ - ed(t.,y)d zz h = 0, z e 


with the initial condition h{r,y,z) = ho{y,z). Similar to [16] . we shall obtain the estimate by using 
an exact representation of the solution. Indeed, we can change the above equation into the generalized 
Fokker-Planck type equation, see (Hl- 
Set 

v(t, y, z) = h(t, $(t, r, y), z), (7.6) 

where $ is solution of 


dA> = 


b 2 (t,$) 


®{r,T,y) = y. 


Therefore, v solves the equation 

d t v + zb 3 (t, y)d z v - edit , y)d zz v = 0, z e K, 

where 


(7.7) 


d(t, y) = dit, r, y)), and 5 3 (f, y) = 6 3 (f, $(f, r, y)). 

The equation o is just the one dimensional generalized Fokker-Planck type equation with y as param¬ 
eter. We use the change of variables 

z = ze~ T{t \ t = e f e- 2r(s) J(s,y)ds, 
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where T(t) = f*b 3 (s,y)ds. Through this change of variables, the equation (17.711 reduces to the heat 
equation 


dfV = d zz v, 


\v(T,y,z) = h 0 {y,z). 

Therefore, by using the standard heat kernel and transforming the variables (t,z) into (' t,z ), we obtain 
the explicit representation 


v(t, y, z) = I k(t, r,y, z — z') ■ ho(y, z'e T{t) )dz' 


with 


k(t, r, y,z - z') = 


: exp - 


z — z 


4e f r d(s, y)e 2 ( r (^ r G))ds 


'4-ke f r d(s, y)e 2 l r ( t ) _r l s bds 
Since that the kernel k is non-negative and that f R k(t , r, y, z)dz = 1, thus, it holds that 

IMk» < II [ k(t,T,y, z') ■ sup \ho(y, (z — z')e~ T ^)\dz'\\ l^ < ||/io|k~> 

JR z 

which is the Maximum principle and proves (USD- 
Next, we observe that 

zd z k(t , r,y,z — z') = {z- z')d z k(t, r,y,z- z') - z'd z >k(t , r,y,z- z'), 

with 

/ | (z — z')d z k(t, t, y, z - z’)\dz < 1. 

J R 

Thus the integrating by parts, gives that 

\\zd z v\\ L <*> < C\\h 0 \\ L °° + || [ k(t , r,y,z — z') ■ e^ r(t) z'{d z h 0 ){y, 2 'e' r(t) )dz'||L 

Jr 

<C(fh 0 \\ L ~ + \\zd z h 0 \\ L ~). 

It follows from (17.51) . (17.611 and (17.101) that 

\\zd z h\\ L oo < C\\zd z h\\ L °° < C\\zd z v\\L°° < C(\\h 0 \\ L <*> + \\zd z h 0 \\L°°) 

< C(||/io||l~ + \\zd z ho\\ L <*>)- 


). (7.8) 


(7.9) 


(7.10) 


(7.11) 

□ 


Thus the proof of Lemma 17. II is completed. 

Lemma 7.2 Let h be a smooth solution to 

a(t,y)[d t h + bi(t,y)d y ih + b 2 {t,y)d y 2 h + zb 3 (t,y)d z h\ - ed zz h = G, z > 0, h(t,y, 0) = 0, (7.12) 

for some smooth function d(t,y) = ^ and vector fields b = (bi,b 2 ,b 3 ) t (t,y) satisfying (17.21) . Assume 

that h and G are compactly supported in z. Then, it holds that: 


IlH 1 


Jo a 

+ rwh^i + MU + ±mc 

Jo a 


I u )\\L° 


H 1 


,oodr. 


(7.13) 
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Proof. This will follow from Lemma l7.ll The estimates of ||/i||z,=°, ||dt/i||.L°° and \\d y ih\\L°° = \\Zih\\L°°, (* = 
1, 2) follow easily from the maximum principle. Indeed, by Duhamel formula, one has that 


h(t) = S(t, 0)h o 


Consequently, (1731) yields that 


f Sit,T)^f\dT. 

Jo «( T ) 


(7.14) 


\\h(t)\\L- =||5(t,0)/ lo |U= 


3 a \ T ) 


<IMk~ + A^IU-^<IIM*- + f\\G\\ L ° 

Jo a V T ) Jo 

Set Z 0 = d t . Then, applying Zjfi = 0,1,2) to (17.121) . one has that 


\\-\\L°°dT. 


(7.15) 


a(t,y)[d t Zih + b 1 (t,y)d y iZ i h + b 2 (t,y)d y 2h + zb 3 (t 1 y)d z Z i h ] - ed zz Zih 
= ZiG - Zia(t,y) ■ [d t h + b 1 (t,y)d y ih + b 2 (t,y)d y 2h + zb 3 (t,y)d z h\ 

+ aft, y) ■ [d t h + Zibi(t,y)d y ih + Zib 2 (t,y)d y 2h + zZib 3 (t,y)d z h\ = £(r). (7-16) 

Consequently, (17.31) yields that 

\\Zih(t)\\ L oo = \\S(t,0)Z i h 0 \\ L ^ + \ \\S(t,T)^\\ L ~dr 

Jo a(r) 

<\\Ziho\\L-+ [ \\-\M\ZiG\\ L ^dr+ j (1 + \\Z i b\\ L a°)\\Zh\\ L °cdT 
Jo a Jo 

+ [\\hL^(l + \\b\\ L ^)\\Zh\\ L ^\\ZM\L^dr 
Jo a 

<\\Ziho\\ L -+ f* \\-\\L-\\ZiG\\ L -dT 

Jo a 

+ fo + ||^lk~)(l + IHl!- + ll^(a,6)||l=o)||/ l ||«i.-.dr (7.17) 

Jo a 

It follows from EH) and (17.141) and the fact that h and G are compactly supported in z that 

rt n ~r) G 

\\Z 3 h(t)\\ L ~ < H^IU- + \\zd t ho\\L- + / II —IU- + \\—~Z \\L°°dr 

Jo cl a 

<\\h 0 \\u^+ f\\-\\^-\\G\\ n ^dT (7.18) 

Jo a 

Therefore, (17.151) . (17.171) . and (17.18[) yield (17.131) . This completes the proof of Lemma 1731 □ 
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